Robust Spare Parts
Inventory Management

[hao Kang






Robust Spare Parts Inventory Management



This thesis is part of the PhD thesis series of the Beta Research School for Operations
Management and Logistics in which research groups participate of CWI, Eindhoven
University of Technology, Ghent University, Hasselt University, KU Leuven, Maas-
tricht University, Tilburg University, University of Antwerp, University of Twente,
VU Amsterdam, VU Brussels, and Wageningen University and Research.

This work is part of the research program PrimaVera: Predictive maintenance for
Very effective asset management with project number NWA.1160.18.238, which is
supported by the Dutch Research Council (NWO).

A catalogue record is available from the Eindhoven University of Technology Li-
brary.

ISBN: 978-94-6510-653-3
Printed by ProefschriftMaken || www.proefschriftmaken.nl
Cover design by Maaike Disco

No part of this publication may be reproduced or transmitted in any form or by
any means electronic or mechanical, including photocopying, recording, or by any
information storage and retrieval system, without permission in writing from the

author.

Beta
e UNIVERSITY OF
TECHNOLOGY Research School for Operations

Management and Logistics



Robust Spare Parts Inventory Management

PROEFSCHRIFT

ter verkrijging van de graad van doctor aan de
Technische Universiteit Eindhoven, op gezag van de
rector magnificus, prof.dr. S.K. Lenaerts, voor een
commissie aangewezen door het College voor
Promoties, in het openbaar te verdedigen
op vrijdag 23 mei 2025 om 11:00 Uur

door

Zhao Kang

geboren te Shangluo, People’s Republic of China



Dit proefschrift is goedgekeurd door de promotoren en de samenstelling van de
promotiecommissie is als volgt:

voorzitter: prof.dr. F. Langerak

1¢ promotor:  dr.ir. R.J.I. Basten

2¢ promotor:  prof.dr. A.G. de Kok

co—promotor: dr. A. Marandi

leden: prof.dr.ir. G.J.J.A.N. van Houtum
prof.dr.ir. J.J. Arts (Université du Luxembourg)
prof.dr. W. Wiesemann (Imperial College London)
prof.dr. J. Zhang (New York University)

Het onderzoek dat in dit proefschrift wordt beschreven is uitgevoerd in overeen-
stemming met de TU/e Gedragscode Wetenschapsbeoefening.



Contents

1 Introduction 1
1.1 Background . ... ... ... Lo 2
1.2 Methodology . ... ... ... .. .. .. .. oo 4

1.2.1  Current Practice in Spare Parts Inventory Control . . . . . . .. 4
1.2.2 Robust Optimization as an Alternative Approach . . . ... .. 6
1.3 Research topics and contributions . . . ... ... ... 0000 12
1.4 Notation . . .. ... ... . 15
1.5 Outlineof thethesis . ... ... ... ... ... ... ... ....... 15

2 Robust spare parts inventory control with lost sales 17
2.1 Introduction . . ... ... ... L 18
2.2 Problem Formulation . . . . ... ... ... ... ... . .... 19

221 ProblemSetting . . . ... ... ... .. L 0L 19
2.2.2  Stochastic Optimization Model . . . . . ... ... ... ... .. 20
2.2.3 Adaptive Robust Optimization Model . . . . . . ... ... ... 22
2.3 Solution Method . ... ... ... ... ... . ... 0 . 23
2.3.1 Existing Approximation Methods . . . . ... ... ....... 24
232 ExactMethod . ... ... ... ... .. .. ... . ... ... 25
2.3.3 New Approximation Algorithms . . . . ... ... ... ... .. 26
2.4 Numerical Experiments . . .. ... ... .. .. ... .. ... .. .. 32
2.4.1 Performance of Three Different Uncertainty Sets . . . . .. .. 33
2.4.2 Comparison of Different Solution Methods . . . . . . ... ... 36
2.4.3 Comparison of Stochastic and Robust Models . . . .. ... .. 39



25 ASMLCaseStudy. . ... .. .. ... .. ... ... .. ....... 44

26 Conclusion . . . .. ... .. L 47

2A Appendix . ... 49

2.A.1 Proof of Infeasibility of SA to Problem (2.3) . .......... 49

2.A2 Proofof Theorem2.1. ... ... ... ... ... .......... 50

2.A.3 Fourier-Motzkin Elimination in Robust Optimization . . . . . . 51

2.A.4 Performance of ConGA . ... ... ... ... ... ..... 53

2.A.5 The Branch-and-cut (B&C) Method . . ... .. ... ... ... 54

2.A.6  An Algorithm for the Extended Budget Uncertainty Set . . . . 57
2.A.7 The Data Filtering Process, Data Decomposing, and Data Pro-

cessing for ASML Case Study . . . . ................ 57

2.A.8 Analysis of ConGA and LESat ASML. . . ... ... ... ... 58

2.A.9 Analysis of Hybrid Method at ASML . . . .. ... ....... 59

3 Robust spare parts inventory control with emergency shipments 65

3.1 Introduction . . .. ... ... .. 66

3.2 Problem Description . . .. ... ... .. ... ... ... ... 67

3.2.1 DeterministicModel . . . . ... ... ... ... ... ... ... 67

3.2.2  Stochastic Optimization Model . . . . . ... ... .. ... ... 68

3.2.3 Adaptive Robust Optimization Models . . . . .. .. ... ... 69

3.3 Solution method for Problem (3.5) . . . ... ... ............ 71

3.3.1 Equivalent Reformulations . . . ... ........ .. .. ... 72

3.3.2 Approximation Method . . ... ... .. ... ... ... ..., 78

3.4 Solution method for Problem (3.4) . . . .. ... ... ... .. ..... 8o

3.5 UncertaintySets . . . .. ... ... ... .. ... . o 81

3.5.1 Classical Uncertainty sets . . .. .. ... ............. 81

3.5.2 Incorporating Initial Failure Rate IFR) . . .. ... ... .. .. 82

36 ASMLCasestudy . . ... ..... ... .. .. ... .. ....... 83

3.6.1 Data Preparation and Model Setup . . ... ... ... ... .. 84

3.6.2 Incorporating IFR into Uncertainty Set Construction . . . . .. 85

3.6.3 Comparison of Uncertainty Sets . . . . ... ... ........ 87

3.6.4 Comparison of ROand SOmodels . ............... 88

3.6.5 Sensitivity Analysis . . ... ... ... 0L 89

3.7 Conclusion . . . . ... 93

3.A Appendix ... 95



3.A.1 Proof of Theorem 3.1. .. ... .. ... ... ... ........ 95

3.A.2 Illustrative Example of Problem-solving Strategy . . ... ... 96

3.A.3 Proof of Optimality for Problem (3.11) . ... .......... 97

3.A.4 Proofof Theorems3.3. ... ... . ... .. ... ... ...... 100

3.A.5 Historical Demand Data-based Uncertainty Set Construction . 101

3.A.6 Benefits of Incorporating the IFR . . . . ... ... ... .. .. 102

3.A.7 Sensitivity Analysis of ¢§™ and ¢f™ on Stock Levels . . . . . .. 104

4 Robust spare parts inventory control with backorders 107
4.1 Introduction . . ... ... ... 108
4.2 Problem Formulation . . . .. ... ... ... .. ... ... ... .. .. 109
4.2.1  Stochastic Optimization Model . . . . . .. .. ... ... .... 109

4.2.2 Robust Optimization Model . . . . . .. ... ... ... ..., 110

4.3 SolutionMethod . ... ... ... ... ... ... o L. 112
4.4 Uncertainty Set . . ... ... ... ... ... ... ... . . .. 116
4.4.1 Classical Uncertainty Sets . . . . ... ............... 116

4.4.2 Lead Time Shift Method . . . . . . ... .............. 117

45 ASML Casestudy . .. ... ... ... ... ... ... ... .. ..... 121
4.6 Conclusion . . . . . ... 124
4.A Appendix . ... 126
4.A.1 Proofof Theorem4.1 . . ... ... ... ... ... ...... 126

4.A.2  Alternative Robust Optimization Models with Backorders . . 129

4.A.3 Comparing Problems (4.2) and (4.14): A Numerical Example . 131

4.A.4  An Algorithm for the Budget Uncertainty Set . . . . ... ... 131

5 Conclusions 133
5.1 Research Topics Revisited . . . ... ... ... ... ... ... ..... 133
5.2 Future Research Directions . . ... ... ... .............. 135
Bibliography 141
Summary 149
Acknowledgments 153

About the author 155






Chapter 1

Introduction

In service industries that rely heavily on capital equipment, “time is money” is
not only an aphorism but a reality. Even brief operational disruptions can cause
substantial financial losses. For example, a six-hour production line shutdown
at TSMC’s semiconductor foundries resulted in losses of up to $60 million (Asia
Financial, 2024), and unexpected downtimes cost Fortune Global 500 companies
around 11% of their revenue, totaling nearly $1.5 trillion (SIEMENS, 2023). There-
fore, companies perform maintenance activities to prevent disruptions caused by
equipment deterioration and to quickly mitigate the impact when such disruptions

occur despite preventive measures.

Various parties can be responsible for maintenance activities and associated spare
parts inventory management. Equipment users like Air Canada and KLM man-
age their own maintenance operations and hold $168 million and $314 million
in maintenance inventories, respectively (Air Canada, 2024; KLM, 2024). Origi-
nal Equipment Manufacturers (OEMs) like ASML provide maintenance services to
their customers and maintain substantial spare parts inventories. In some cases,
third-party service providers specialize in equipment maintenance across different
manufacturers. Regardless of who performs the maintenance, these activities are
highly dependent on the availability of spare parts. Thus, effective spare parts
inventory control is crucial and is the focus of this thesis.

The remainder of this chapter is structured as follows. Section 1.1 introduces the
background to spare parts inventory control and how it is linked to the practice
at ASML. Section 1.2 discusses the methodologies used in this thesis. Section 1.3
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describes the problems studied in this thesis and the scientific contribution. Section
1.4 introduces the notation used throughout the thesis. Section 1.5 outlines the
thesis.

1.1. Background

Our research on robust Spare parts inventory control originates from our knowledge
about the situation at ASML, a world-leading original equipment manufacturer
that produces lithography systems. These systems are critical for the production of
integrated circuits in the semiconductor industry, and their breakdown can result in
losses of up to 72,000 Euros per hour (ASML, 2014). In practice, ASML is required to
determine stock levels for over 2,000 components at the new product introduction
(NPI) stage. The state-of-the-art spare parts inventory control at ASML closely
resembles the stochastic optimization (SO) problem discussed by (Van Houtum and
Kranenburg, 2015), which is implemented by assuming a Poisson demand process

with estimated demand rates.
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Figure 1.1: Distribution of average annual demand quantity over the initial three-
year period for a specific machine type at ASML.

A primary challenge in spare parts inventory control is high demand uncertainty.
Such uncertainty, for instance, arises during the early phases of the product life
cycle, largely due to the scarcity of available data. Our analysis of ASML’s data
reveals that for a given machine type, over 80% of the components have an average
annual demand of less than three units in the first three years of operation, as
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shown in Figure 1.1. The lack of historical demand data is largely due to the
long-lasting and reliable nature of the components, which translates into infrequent
failures. Moreover, engineers tend to redesign components frequently in response
to repeated failures, further aggravating the scarcity of consistent historical data.
While the conventional SO approach can theoretically handle low demand patterns,
obtaining reliable estimates for such low demand rates is particularly challenging.
Additionally, demand uncertainty is complicated by the interdependence between
different components. A failure in one component might increase the likelihood
of failures in related components, creating complex demand correlations that are
difficult to model using conventional approaches.

1(Exponential) 2
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Figure 1.2: Distribution of CV values for components’ demand inter-arrival times
at ASML.
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Also, the high variability in demand for components may make the SO approach
less reliable. This variability is demonstrated in Figure 1.2 by showing the distri-
bution of the Coefficient of Variation (CV) for demand inter-arrival times for all
components of a type of ASML’s machine. The CV is the ratio of the standard devi-
ation to the mean of the demand inter-arrival times. For a Poisson arrival process,
inter-arrival times follow an exponential distribution, where CV = 1 because the
mean and standard deviation of exponentially distributed variables are identical.
Our results show that 41.33% of components have CV > 1.1, indicating higher
variability than a Poisson process, while 36.35% have CV < 0.9, indicating that
actual demand is more concentrated around the mean. Notably, the maximum CV

value observed is 4.75, indicating a substantial deviation from a Poisson process. In
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the case of spare parts with a CV value higher than 1, the inventory management
model employed by the company, which relies on a Poisson demand process, may
not be appropriate for effectively managing the inventory of these spare parts.

Despite the uncertainty of demand, companies must maintain exceptionally high
service performance due to the enormous costs of equipment downtime. High
spare parts availability is crucial across industries, as evidenced in automotive
(do Rego and De Mesquita, 2015) and textile manufacturing (Teunter et al., 2017).
At ASML, 99% of the demands must be fulfilled in 24 hours due to the potential
loss of millions in semiconductor production (ASML, 2025). This high service level
requirement, combined with the high cost of components and the severe impact
of stockouts, makes ASML an ideal case study for developing and testing new

methods for spare parts inventory management.

Many organizations that provide worldwide maintenance services, such as ASML
and other global equipment manufacturers, operate their spare parts inventory
control through a multi-echelon network structure. At the top of the network, a
central warehouse serves as the primary supply hub, replenishing inventory at local
warehouses through regular shipments. These local warehouses, located closer to
customer facilities, directly serve customer demand for spare parts. Customer facil-
ities, such as semiconductor fabrication plants, aircraft maintenance bases, or med-
ical centers, rely on rapid spare parts delivery to minimize equipment downtime.
Understanding how these different warehouse types handle unfulfilled demand is
crucial for developing effective inventory control, which we discuss in detail in
Section 1.2.2.

1.2. Methodology

This section presents our methodological framework for robust spare parts inven-
tory management. We begin by examining state-of-the-art academic approaches
and current industry practices in Section 1.2.1, then introduce robust optimization
as an alternative approach in Section 1.2.2.

1.2.1 Current Practice in Spare Parts Inventory Control

Spare parts inventory control has been a topic of interest in the literature for several
decades. We refer the interested reader to Basten and van Houtum (2023) and
Hu et al. (2018) for an overview of the methodologies developed in this area. In
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his seminal work, Sherbrooke (1968) introduces the METRIC model for spare parts
inventory control, which assumes that unmet demand is backordered. After that,
many studies have recognized the importance of incorporating emergency ship-
ments in spare parts inventory control to reduce stockout risks and improve system
availability (e.g., Axsidter, 1990; Wong et al., 2006). These spare parts inventory
control models typically employ an (S —1,S) policy, also known as the one-for-
one replenishment policy or base stock policy (Feeney and Sherbrooke, 1966; Van
Houtum and Kranenburg, 2015). This policy is preferred in the context of spare
parts, especially for more expensive spare parts, for two reasons. First, it maintains
minimal stock levels while ensuring immediate availability of spare parts, which
is crucial for expensive spare parts where both holding and stockout costs are
high. Second, since expensive spare parts typically have low demand patterns,
the policy’s one-for-one replenishment approach is more economical than batch
ordering policies, where stockouts far exceed a single unit’s holding cost.

Conventional approaches to handling the demand uncertainty rely on distribution
fitting in stochastic inventory models, also known as stochastic optimization (SO)
models, typically assuming demand follows a Poisson process (Sherbrooke, 1968;
Basten and Van Houtum, 2014; Drent and Arts, 2021; Ozkan and van Houtum,
2023). However, empirical evidence (Costantino et al., 2018; Turrini and Meissner,
2019) and our analysis of ASML data indicate that spare parts demand in the new
product introduction phase does not always follow a Poisson process. Some re-
searchers propose a Bayesian method for spare parts demand forecasting. However,
this method is also typically based on the assumption of a (compound) Poisson
process (Aronis et al., 2004; Babai et al., 2021). Furthermore, our analysis of ASML
data demonstrates that in situations with very limited historical demand data, the
Bayesian method is sensitive to the specification of the prior distribution, potentially
leading to unreliable outcomes. Gelman et al. (2013, Chap. 7) similarly emphasize
that with sparse data, poor choice of prior distribution can lead to weak inferences
and poor predictions.

A greedy algorithm is commonly used in stochastic spare parts inventory control
(Sherbrooke, 2006; Van Houtum and Kranenburg, 2015, Chap. 2). The algorithm
works by iteratively selecting the alternative that offers the highest ratio of perfor-
mance improvement to cost increase until reaching a feasible solution, i.e., one that
achieves the target service level. In spare parts inventory control, this improvement
is typically measured in terms of reduced waiting time or expected number of
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backorders. Using numerical experiments, Wong et al. (2007) find that the greedy al-
gorithm is more efficient in terms of computation time than the Lagrangian heuristic
and Dantzig-Wolfe decomposition.

1.2.2 Robust Optimization as an Alternative Approach

This thesis proposes a robust optimization (RO) approach to handle demand un-
certainty for spare parts inventory control. We choose RO for this thesis for three
reasons.

* The RO approach does not require knowledge about the probability distribu-
tion of the uncertain parameters. As a non-probabilistic method for decision-
making under uncertainty, the RO approach is more suitable for the initial
stage of the product life cycle with limited demand data.

* The RO approach proves to be implementable in practice through appropriate
reformulation techniques. Our research demonstrates that we can develop
efficient solution methods for large-scale spare parts inventory problems using
RO.

¢ The RO approach can capture demand correlations between components, ac-
counting for the interdependence of failures, which the SO approach struggles
to address.

¢ The decision-maker has the flexibility of choosing the robustness level to better
manage the trade-off between solution robustness and performance.

Instead of using probability distributions, the RO solution safeguards against any
realization of the uncertain demand in a given set, called the uncertainty set. RO is
an effective approach for modeling uncertain demand in inventory control, though
it has not yet been applied to spare parts settings. Early work by Bertsimas and
Thiele (2006) applied RO to develop a periodic review inventory control model
for a single warehouse as well as a tree-type divergent inventory network with
backorders. Later, Bienstock and Ozbay (2008) extend this work by considering the
same single warehouse model while incorporating nonstationary costs for the stock.
Ardestani-Jaafari and Delage (2016) further show that the approach of Bertsimas
and Thiele (2006) is a conservative approximation and propose new approximations
for robust optimization of sums of piecewise linear functions. In recent work, Chen
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et al. (2023) consider both backlogging and lost sales for unfulfilled demand and
propose a cycle-based single-item, single-warehouse inventory model. They use
RO approaches and propose algorithms to approximate the optimal inventory. In
addition to demand, Thorsen and Yao (2017) incorporate uncertain lead time in a
periodic review model with backorders and introduce a central limit theorem-based
polyhedral uncertainty set.

Our work differs from these existing robust optimization models. First, we focus
specifically on spare parts inventory where stock levels are determined by both
service level requirements (e.g., spare parts availability) and costs, rather than solely
by costs. Second, while previous work commonly uses periodic review policies, we
use a continuous review base stock policy, which is more appropriate for spare parts
inventory control. These differences in both the operational context and control

policy necessitate our novel modeling approach.

Data Input Problem for i ion method Performance evaluation

{ Historical demand Demand rate )—)[ SO model H Greedy algorithm
Case study
Numerical experiment

Initial failure rate Demand uncertainty set RO model Exact and approximation
methods

Figure 1.3: Overview of methodological framework comparing SO and RO
approaches.

Figure 1.3 presents our methodological framework for applying robust optimiza-
tion to spare parts inventory control. We use the conventional SO approach as a
benchmark. To be able to apply this method to our setting, we first assume Poisson
demand processes for all spare parts, then estimate the Poisson demand rates for
different spare parts, and finally apply the SO model as described by (Van Houtum
and Kranenburg, 2015, Chap. 2) to find optimal base stock levels. Therefore, we
estimate the base stock levels by fitting an exponential distribution to the demand
inter-arrival times of different components. As we demonstrate throughout this
thesis, the conventional SO approach may face limitations when actual demand
deviates from a Poisson process or when demand rates cannot be reliably estimated
due to data scarcity, particularly during new product introductions. Furthermore,
the fill rate calculation in the conventional SO approach is based on the steady state
of an infinite horizon. However, we are interested in the fill rate calculation in a
finite horizon. Therefore, the conventional SO approach approximates our studied
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problem in this regard as well.

Our methodological framework consists of four main components: input, problem
formulation, solution method, and performance evaluation. The remainder of this

section details each component of this methodological framework.

Input

Unlike the SO model, which primarily relies on the estimated mean value of the
demand rate as its key input, the quality of the RO solution heavily depends on
the structure of the demand uncertainty set. In Chapter 2, we begin uncertainty
set construction by using only historical demand data. We first consider a box
uncertainty set that assumes independence between components. To capture the
demand interaction between components, we then introduce a budget uncertainty
set that adds constraints on the total demand across components. We extend it to
an extended budget uncertainty set that captures demand relationships among all

possible subsets of components.

When historical data is limited, particularly during the new product introduction
stage, we incorporate initial failure rate (IFR) estimates from reliability engineers
into our uncertainty sets in Chapter 3. The incorporation of IFR follows a dynamic
weighting scheme that transitions from expert-based to data-driven estimates as
more historical data becomes available. We then develop a price-based budget un-
certainty set that focuses on demand interdependency between relatively expensive
components while maintaining computational tractability.

To calculate the total demand within a given period for components with different
lead times, we introduce a lead time shift method in Chapter 4. This method
segments historical demand data into standardized time periods and provides a
way to compute aggregate bounds for components with different lead times.

Problem formulation

Research on RO initially focused on static decision-making, which assumes that
all variables, so-called here-and-now, are independent of the uncertain parameter and
are chosen before the realization of the uncertain parameter. In other words, vari-
ables regarding stock levels and fill rates, i.e., the fraction of immediately fulfilled
demand, are decided such that they are safeguarded against the demands in the
uncertainty set, and they are independent of the realization of the demand for spare
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parts. This approach, known as static robust optimization, can result in conservative
solutions, as some variables, e.g., the fill rates, are dependent and decided after the
realization of uncertain parameters in real-life situations. To address this limitation,
Ben-Tal et al. (2004) introduce the adaptive robust optimization (ARO) method,
where part of the variables are here-and-now, and the rest are wait-and-see, whose
actual values depend on the realization of the uncertain parameter.

We develop spare parts inventory control models using ARO. Our ARO models
follow the same setting as the conventional SO models to ensure fair comparison.
We employ a two-stage decision-making process. In the first stage, prior to demand
realization, we determine the stock levels as here-and-now variables. Because fill
rates, i.e., the fraction of immediately fulfilled demand, depend on the realization
of demand, we consider them as wait-and-see variables, which are decided in the
second stage.

As introduced in Section 1.1, spare parts inventory control operates across both local
and central warehouses. What mainly distinguishes these warehouse types is how
they handle unfulfilled demand. At local warehouses, when the demand cannot be
fulfilled immediately from stock, the unfulfilled demand is lost for the warehouse
as service providers seek alternative solutions due to the urgency of their needs.
We model this as a lost sales inventory control model in Chapter 2. In Chapter
3, we explicitly incorporate that if demand is lost, high costs are incurred as a
costly emergency shipment from another local warehouse or the central warehouse
is performed. At the central warehouse, investigated in Chapter 4, the dynamics
change fundamentally. When central warehouses cannot fulfill demand, it typically
results in backorders as there are no alternative quick-supply sources.

Solution method

This thesis focuses on how to solve the ARO problem. Solving ARO problems is
generally computationally challenging. Reformulation and cutting-plane methods
are two primary approaches for solving RO problems. Bertsimas et al. (2016) show
that the effectiveness of these methods varies depending on the problem type and
uncertainty set. In the realm of cutting-plane methods, researchers have applied
various techniques to specific problems. For instance, in the context of robust
vehicle routing problems, Chen et al. (2016) use a branch-and-cut method, while
Pessoa et al. (2021) use a branch-cut-and-price method. Turning to reformulation
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techniques, for general linear ARO problems involving continuous wait-and-see
decisions, Bertsimas and De Ruiter (2016) propose a dual reformulation method.
Moreover, Zhen et al. (2018) introduce Fourier-Motzkin elimination (FME), which
can reformulate a class of ARO problems into equivalent counterparts with fewer
wait-and-see variables at the expense of an increase in the number of constraints.
Nevertheless, reformulating an ARO problem does not always lead to a tractable
optimization problem (Bertsimas and De Ruiter, 2016).

To tackle the computational intractability of ARO problems, various efficient meth-
ods have been proposed in the literature to approximate solutions. The static RO
solution is often used to approximate the ARO solution since it requires fewer com-
putational resources (Lim and Wang, 2017). Previous studies have shown that under
some conditions, the optimal objective values of the static RO problem and the
adjustable variant are equivalent (Marandi and Den Hertog, 2018), while the static
solution can be far from optimal for general problems (Bertsimas et al., 2011). An
extension to the static RO approximation is to consider the wait-and-see decisions
to be affine instead of constant, leading to affinely adaptive RO (Ben-Tal et al,,
2004). According to El Housni and Goyal (2021), this approach provides a tight
approximation for problems with fixed recourse and right-hand-side uncertainty
using a specific type of uncertainty set. Another extension that can improve the
quality of the affine policy is the use of piece-wise constant decision rules, known
as the finitely adaptive method, where the uncertainty set is partitioned into smaller

subsets (Bertsimas and Caramanis, 2010).

In this thesis, we employ two main approaches to find the exact solution to the
ARO problem. The first approach involves reformulation techniques where we
eliminate wait-and-see variables using Fourier-Motzkin elimination (Zhen et al.,
2018), transforming the ARO problem into a deterministic mixed-integer optimiza-
tion problem. While this reformulated problem contains an exponential number
of constraints, it reveals important structural properties of the optimal solution.
The second approach leverages decomposition. Specifically, in Chapter 3, we show
that the deterministic counterpart can be decomposed into two independent mixed-
integer optimization problems, which significantly reduces the computational com-

plexity.

For large-scale ARO problems, we consider both existing approximation methods

and develop new algorithms. Among the existing approaches, two main methods
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are considered: static approximation (SA), which treats wait-and-see variables as
here-and-now variables, and affine decision rule (ADR), which restricts wait-and-
see variables to be affine functions of uncertain parameters. However, in Chapter 2,
we prove that SA often leads to infeasible solutions for our problem with lost sales
and show that ADR faces computational limitations for large instances. To address
these limitations, we propose new algorithms that show superior performance in
both solution quality and computational efficiency compared to existing methods,
especially for problems involving hundreds or thousands of components.

Performance evaluation

We evaluate our proposed approaches through comprehensive numerical experi-
ments in Chapter 2 and real-world case studies at ASML in Chapters 2, 3, and 4.

In Chapter 2, we first conduct numerical experiments to understand how different
uncertainty sets affect the quality of the solution. We then evaluate our lost sales
model and solution methods using various uncertainty sets with both Poissonian
and non-Poissonian demand. The ASML case study with 710 components validates
the effectiveness of our method in handling real-world complexity, particularly by
comparing the performance of different uncertainty sets and solution methods.

In Chapter 3, we focus on evaluating the RO method during the critical new product
introduction phase through an extensive ASML case study with more than 2,400
components. We examine how incorporating initial failure rate estimates affects
model performance and investigate the inventory model’s sensitivity to key oper-
ational parameters such as emergency shipment times and costs. This case study
demonstrates the practical applicability of the RO model in high-stakes industrial
settings where emergency shipments are crucial.

In Chapter 4, we evaluate the performance of the models to optimize the central
warehouse inventory through an ASML case study. We consider nearly 1,600 com-
ponents and examine how our lead time shift method performs under different
historical data availability scenarios. We evaluate model performance across multi-
ple service level targets, analyzing the trade-offs between stimulated fill rates and
costs.
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1.3. Research topics and contributions

This thesis addresses three research topics in robust spare parts inventory man-
agement, each focusing on different warehouse settings and demand fulfillment
strategies when stockouts occur. We also discuss the contribution of this thesis by
summarizing the main insights of each core chapter.

Research topic 1: Robust spare parts inventory control with lost sales at the local

warehouse.

We focus on this research topic in Chapter 2. When immediate fulfillment is impos-
sible due to long lead times, demand is considered lost from that warehouse. We
propose an ARO model for multi-component, single-location spare parts inventory
control. Since ARO problems are generally computationally difficult to solve, we
show how the ARO problem can be reformulated into a deterministic counterpart.
Despite the fact that the deterministic counterpart has an exponential number of
constraints, it interestingly allows us to prove the structure of the optimal solution.

Leveraging the structure of the optimal solution, we develop an algorithm called
iterative projection in descending order (IPDO). We show that IPDO can obtain an op-
timal solution under some conditions, largely dependent on the uncertainty set. To
enhance IPDO’s efficiency for large-scale problems, we develop a preprocessing step
that provides a high-quality initial estimation of stock levels for certain products,

enabling faster convergence to near-optimal solutions.

While IPDO is much faster than most existing methods for solving the ARO model,
it still requires extensive computational resources for large-scale inventory prob-
lems. To address this, we design two heuristic algorithms based on IPDO’s foun-
dation. The first, constraint generation (ConGA), efficiently finds near-optimal solu-
tions. The second, linear equation system (LES), is a highly efficient heuristic capable
of handling hundreds of products within seconds. However, its accuracy depends
on the type of uncertainty sets used. Therefore, we develop a hybrid method that
dynamically combines ConGA and LES. This hybrid approach offers the flexibility
to balance solution quality and computational efficiency by selectively applying
ConGA and LES to different uncertainty sets, making it particularly valuable for
large-scale inventory problems.

Our numerical experiments reveal that our algorithms surpass our branch-and-
cut method and existing approximation methods in terms of both accuracy and
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sets.

computational efficiency, demonstrating their superiority using various uncertainty

We perform simulation-based experiments with both Poissonian and non-Poissonian
demand, along with a case study at ASML with 710 components, to compare the
performance of our ARO model with the conventional Poisson-based model. The
experimental results demonstrate that our method is more reliable in achieving the
target fill rate than the conventional stochastic optimization model when dealing

with non-Poissonian demand.

Research topic 2: Robust spare parts inventory control with emergency shipments

at the local warehouse.

We focus on this research topic in Chapter 3, which extends our work in Chapter
2 by incorporating emergency shipments as a costly but necessary backup option
to achieve the target service performance. This research topic places particular em-
phasis on handling extreme demand uncertainty during the new product introduction
(NPI) stage when historical demand data is scarce.

To ensure computational tractability, we reformulate the ARO model as a deter-
ministic counterpart and prove that it can be approximated and decomposed into
two mixed-integer optimization problems, drastically reducing the computational
complexity. We then develop an efficient algorithm to obtain near-optimal solutions

for large-scale problems with thousands of components.

When historical demand data are limited, we propose a phased approach that
incorporates the IFR estimated by reliability engineers into the construction of
uncertainty sets. In the initial phase, when demand data is extremely scarce,
the phased approach constructs the uncertainty set solely based on the IFR. As
more historical demand data becomes available, the weight of the IFR is gradually
reduced. This approach addresses the challenge of constructing uncertainty sets
for spare parts demand when historical data are limited and provides a structured
framework throughout the product lifecycle. Our study shows that the phased
approach improves model performance during the NPI stage compared to relying
solely on historical demand.

The ASML case study demonstrates that using the ARO model consistently results
in shorter simulated waiting times and lower costs than ASML’s state-of-the-art
stochastic optimization model. For the same simulated total cost, the robust so-

lution achieves a simulated mean waiting time up to 3.5 hours shorter than the
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stochastic model, potentially saving over €250,000 in lost production per breakdown
of an expensive lithography system. Moreover, the sensitivity analysis demonstrates
the strong adaptability of the ARO model to variations in key parameters, such as
emergency shipment times, costs, and the exact way in which the IFR is incorpo-
rated into the uncertainty set. The ARO model can provide robust and economically

viable solutions, demonstrating its superiority in dealing with uncertainty.

Research topic 3: Robust spare parts inventory control with backorders at the
central warehouse.

We focus on this research topic in Chapter 4, addressing the fundamentally dif-
ferent dynamics of central warehouses where emergency shipments are impossible
and stockouts result in backorders. The central warehouse sources directly from
suppliers and serves as the emergency shipment source for local warehouses.

We propose an ARO model for the central warehouse. To the best of our knowl-
edge, we are the first to use robust optimization to formulate a continuous review
inventory model with backorders. To solve the ARO problem, we first reformulate
it as its deterministic counterpart. We then develop a three-step solution approach.
The first step establishes solution bounds by deriving an approximate lower bound
through a lost sales problem (Chapter 2) and an upper bound through conservative
estimation based on worst-case demand scenarios. This preprocessing step proves
highly efficient, allowing us to immediately identify near-optimal stock levels for
approximately 9o% of components where the bounds coincide in our case study
at ASML. We proceed to the second step for components where the bounds differ,
introducing a tighter upper bound through a relaxed version of the ARO problem.
This relaxed problem shares structural similarities with the lost sales problem from
Chapter 2, allowing us to apply the IPDO and ConGA algorithms developed earlier
in this thesis. Finally, in the third step, we employ additional approximation meth-
ods to determine near-optimal solutions for the remaining components where the
bounds differ after the second step.

Unlike research topics 1 and 2, where we assume identical repair lead times for
all SKUs, in this research topic, we extend our analysis to a more realistic case
where each SKU may have a different repair lead time. This extension requires
modifications to our modeling approach, particularly in the aggregate fill rate con-
straint. To address varying lead times for different components in the construction
of the uncertainty set, we introduce a lead time shift method. This method segments
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historical demand data into standardized time periods that account for the lead
time differences, enabling us to compute meaningful aggregate demand bounds
across components.

To demonstrate the applicability of our model, we conduct a case study at ASML.
The results show that our robust model demonstrates superior cost efficiency com-
pared to the SO model, particularly at very high service level targets.

This thesis advances both theoretical and practical aspects of spare parts inventory
management through these three topics. From a theoretical perspective, we are the
first to propose a robust optimization approach in spare parts inventory control. We
develop ARO models that progress from lost sales to complex emergency shipment
and backorder settings. We contribute new solution methods that make these
models computationally tractable for real-world applications involving thousands
of components. On the practical side, extensive case studies at ASML demonstrate
substantial improvements over conventional methods, with potential savings of
hundreds of thousands of euros per breakdown.

1.4. Notation

Throughout this thesis, we use Z to denote the set of integers, Ny to denote the
set of non-negative integers, and R to denote the set of real numbers. Vectors and
matrices are represented by boldfaced characters. For a vector a € R", we use
[ai];—1,., to denote its elements. We use @ to denote the empty set and [ | to
denote the ceiling function.

1.5. Outline of the thesis

The remainder of this thesis is organized as follows. Chapters 2 and 3 consider
spare parts inventory control at a local warehouse, with Chapter 2 focusing on
lost sales and Chapter 3 on emergency shipments. Chapter 4 considers spare parts
inventory control at a central warehouse with backorders. The thesis concludes
with a summary of our main findings and directions for future research in Chapter

5.







Chapter 2

Robust spare parts inventory control
with lost sales

In this chapter, we propose an adaptive robust optimization (ARO) approach for multi-
item, single-location spare parts inventory control with lost sales. We reformulate the ARO
problem as a deterministic integer optimization problem with an exponential number of
constraints. To solve this problem, we first introduce the iterative projection in descend-
ing order algorithm, which efficiently provides optimal solutions under certain conditions.
Recognizing that only a few constraints are active in an optimal solution, we introduce the
more time-efficient constraint generation algorithm (ConGA) and the linear equation system
(LES) heuristic. To leverage the strengths of both methods, we propose a hybrid approach
that combines ConGA and LES, enhancing performance across various uncertainty sets for
large-scale problems involving hundreds of products.

Comprehensive simulation-based experiments with non-Poissonian demand demonstrate
that our ARO model outperforms the implementation of the conventional SO model, achiev-
ing higher fill rates at lower holding costs. We validate our model through a case study of 710
products at ASML, a world-leading lithography machine manufacturer. The results confirm
our model’s cost-effectiveness in meeting target service performance, making it attractive for
ASML and other expensive equipment maintenance service providers.
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2.1. Introduction

Spare parts inventory control is not merely a distant industrial concern. Its impact
resonates throughout our daily lives. For instance, recent spare parts shortages
have forced major airlines like Lufthansa, Qatar, and Silver to ground planes and
urgently request increased production from suppliers (Business Insider, 2022). Ef-
fective spare parts inventory control can mitigate such losses significantly, as evi-
denced by TSMC’s swift 6-hour production line recovery in 2024 (Asia Financial,
2024).

In this chapter, we focus on local warehouses where unfulfilled demand results in
lost sales, as service providers must seek alternative solutions due to urgency. We
propose an ARO model that employs a two-stage decision-making process to han-
dle demand uncertainty. We consider stock levels as here-and-now variables and
fill rates as wait-and-see variables. As the quality of the solution highly depends
on the selection of an uncertainty set, we consider three types of uncertainty sets to
manage the trade-off between solution robustness and costs.

The key focus of this chapter is on developing computationally efficient methods for
solving the ARO model in practical settings. While ARO problems are generally dif-
ficult to solve, we show how our problem can be reformulated into a deterministic
counterpart despite having an exponential number of constraints. This reformula-
tion reveals important structural properties of the optimal solution. Based on these
properties, we develop the IPDO algorithm that can find optimal solutions under
certain conditions. For large-scale problems where IPDO may be computationally
intensive, we introduce two efficient heuristic algorithms. We introduce ConGA
to find near-optimal solutions and LES to rapidly process hundreds of products.
We then combine these approaches in a hybrid method that balances solution
quality with computational speed. Through extensive numerical experiments and
an ASML case study, we demonstrate that our approach consistently outperforms
the conventional SO approach, which relies heavily on estimated demand rates and
the assumption that demand for each spare part follows a Poisson process. The
superiority of our approach in both computational efficiency and solution quality
is particularly evident when demand processes are non-Poissonian or when the
demand rate is uncertain.

The rest of this chapter is organized as follows. In Section 2.2, we describe a spare
part inventory problem, show the existing model with which we compare later,
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and develop the ARO model. In Section 2.3, we present the solution methods for
the proposed ARO model. In Section 2.4, we conduct numerical experiments to
show the applicability of our proposed model and algorithms. More specifically, in
Section 2.4.1, we show how the choice of the uncertainty set affects the conservative-
ness of the solution. Section 2.4.2 contains the numerical experiments that show the
efficiency of our algorithms in comparison with existing approaches. Section 2.4.3
contains the simulation-based experiments that identify under which conditions the
use of RO is beneficial compared to the stochastic model. Section 2.5 contains a case
study at ASML, where we show a significant cost saving achieved by our model and
algorithms compared to ASML’s current stochastic optimization approach. Finally,
we conclude the chapter in Section 2.6.

2.2. Problem Formulation

In this section, we first introduce the general problem setting, and then we present
two mathematical formulations of a spare parts inventory control problem: a stochas-
tic optimization model and an adaptive robust optimization model. These models
differ in their assumptions about the demand process.

2.2.1 Problem Setting

Consider a single warehouse that stocks spare parts for multiple types of critical
components, thus servicing an installed base of machines of one type. If a critical
component in a machine fails, the machine goes down. We refer to each distinct
type of critical component as a stock keeping unit (SKU).

Let us denote the set of SKUs by Z = {1,...,,n}. Demand for an SKU arises due
to a component’s failure. The defective component is sent for repair immediately
and returns to stock in an as-good-as-new state after a constant repair lead time
t(> 0). Although we use repair terminology throughout the chapter, everything
remains analogous in the model if spare parts are not repairable, i.e., if they are
consumable. In that case, a defective spare part is discarded, and a new one is
acquired. The repair lead time is then replaced by the order-and-ship time for the
new part. Due to the relatively long lead times in practical situations, we assume
that when the demand cannot be fulfilled from stock immediately, it is lost from the
normal replenishment system of the local warehouse. This mirrors the operational
strategies employed by companies like ASML, where high machine downtime costs
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mean that unfulfilled demand is satisfied by other warehouses, resulting in lost
demand at the considered warehouse (Van Wingerden et al., 2019; Lamghari-Idrissi
et al., 2022).

For each SKU, the stock is controlled by a continuous review basestock policy. This
implies that the inventory position of a given SKU i € Z remains constant at the
basestock level S;(> 0). We use S to denote the vector containing the basestock
levels for all SKUSs. The total holding cost per time unit for spare parts is calculated
as ) et C?Si, where C?(> 0) represents the inventory holding cost per time unit for
SKU i. In practice, the annual holding cost per SKU is typically set at about 20%
of the price of a new spare part. The fill rate §;(> 0) is the fraction of demand
satisfied immediately from stock. The calculation of B; varies depending on the
specific model employed. We consider a finite horizon and are interested in B;
calculated by the ratio of fulfilled demand to total demand over a specific time
interval (e.g., a planning period). The aggregate fill rate, defined as the proportion
of demand for all SKUs immediately filled from stock in a finite horizon should be
at least equal to the target fill rate %, which is typically high (> 0.9) in practice. We
focus on the initial supply and inventory planning during the exploitation phase. To
ensure service performance, companies typically specify service level agreements in
customer contracts. Consequently, inventory planners use ﬁ"bj to achieve the target
performance levels. To be consistent with industry practices, we use the constraint

containing 8°% to achieve service performance.

2.2.2 Stochastic Optimization Model

We use the stochastic optimization (5O) method as a benchmark. This conventional
spare parts inventory control model, as in Chapter 2 of the book by Van Houtum
and Kranenburg (2015), is widely used in the literature (Thonemann et al., 2002;
Caglar et al., 2004; Drent and Arts, 2021).

Despite our setting being a finite horizon, the SO approach considers an infinite
horizon. The demand of SKU i per lead time follows a Poisson distribution with a
constant rate of m;(> 0) per time unit in an infinite horizon. The behavior of spare
parts in repair for SKU i is modeled as the number of customers in an M|G|c|c
queue with ¢ = S; parallel servers, arrival rate m;, and lead time t, which is also
known as the Erlang loss system. The achieved fill rate for SKU i based on the Erlang
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loss function is defined as:

b= 1 g1 (mit)®
i=l- =
Z]':o ]‘l!(mit)]

which is often referred to as the long run fill rate. The total demand rate for all
SKUs together is denoted by M = Y ;.7 m;. The aggregate fill rate B(> 0) is given
by:

B=)_ %,Bi-

iel
We consider S; to be the main decision variable and p; to be an auxiliary variable
(since its value depends on S; and m;). To find the optimal stock level, we solve the

following Problem (2.1):

: h
ggﬁl\}rg Zg ;'S (2.1a)
Bi€R
& (m;t)Si
st. pi=1- ;'17’ VieT, (2.1b)
):]'l:() ]‘T(mit)]
m; -
Z Ml‘Bi > ﬁobl‘ (2.10)
i€l

The objective function (2.1a) minimizes the total holding costs per time unit, which
is equivalent to minimizing the total cost of initial investment, assuming that both
types of costs are linear in the number of spare parts. Constraints (2.1b) show the
calculation of item fill rates where the demand for spare parts follows a Poisson
process. Constraint (2.1c) ensures that the aggregate fill rate for all SKUs is higher
than the target service level B°P, which restricts the items, and thus leads to joint
control, a key setting in a large stream of literature on spare parts inventory control.
Using this joint control setting, which is called a system approach, to stock spare parts,
leads to much lower costs than using an item approach (Thonemann et al., 2002).

The implementation of the SO model in practice faces fundamental limitations
when actual demand deviates from a Poisson process or when the demand rate
cannot be reliably estimated due to data scarcity.
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2.2.3 Adaptive Robust Optimization Model

Since the demand ¢;(> 0) during the lead time for SKU i € Z is uncertain, in ARO,
we assume that the only available information about demand vector ( is that it lies
in the set D C R". In the first stage, the decision about stock level S; for SKU i € Z
should be made, which is a here-and-now variable. Because the auxiliary variable
Bi depends on the realization of demand {; during the lead time t, we reformulate
it as a wait-and-see variable, which is decided in the second stage. Unlike the SO
model, which considers an infinite horizon, in the RO model we calculate ; only
focusing on the lead time with the worst-case demand.

So, the ARO model for this Problem (2.2) reads:

min Z C?Si (2.2a)
o,
st. Bi(0)i <S;, VieZ, [ €D, (2.2b)
Y Bi(6)Ci = B Y G, Vg €D, (2.2¢)
i€l i€eZ
1> Bi(C) >0, VieZ, [ eD. (2.2d)

Constraint (2.2b) guarantees that for all possible demand arrival sequences during
the lead time, the actual fill rate is always greater than or equal to ;. Constraint
(2.2¢) ensures that the aggregate fill rate for all SKUs is higher than the target service
level ﬁObj. Constraint (2.2d) limits the range interval of an item fill rate.

Demand Uncertainty Sets

As known from the literature on RO (see, e.g., Bertsimas and den Hertog, 2022),
the choice of uncertainty set is crucial in obtaining a practical inventory solution for
the ARO model. We study three types of uncertainty sets, each reflecting different
assumptions about demand interdependence. Let d decR', 0O O cR, and
T, TeR¥” ! suchthatd >d, ® >@®,and T > T.

A basic uncertainty set, where we assume no interactions exist between demands

for different SKUs, can be formulated as a box uncertainty set:

DPX — {7 e R":d; < ; < d;, VieT}.

Box uncertainty sets lead to problems that are computationally less challenging
(Marandi and Den Hertog, 2018; Bertsimas and den Hertog, 2022). This uncertainty



Solution Method 23

set is used when spare parts serve multiple unrelated systems or when demand
correlations are minimal. However, it is rare in practice that all SKUs have indepen-
dent demand. To address the limitations of the box uncertainty set, we consider a
budget uncertainty set:

PV = {{eR":d;<(;<d,Viel ®<) (<O
i€l

Notice that DPud C Dbox [n Dbud, we exclude scenarios where all SKUs reach their
upper or lower bounds simultaneously, in order to reduce the conservativeness
of the robust solution. However, demand interactions often exist among specific
subsets of SKUs, rather than across all SKUs. The budget uncertainty set cannot
capture these nuanced relationships. Therefore, we consider an extended budget
uncertainty set:

pext _ {g cR": T, < Zgl <T,VaCZu 75@}

ica

Here, for any i € Z, we have [(;y = d;, f{i} =d,and I; = © It = ®. So,
Dt C PPud In this uncertainty set, we add a constraint for every combination of
SKUs. If there are no interactions between demands for different SKUs, these ad-
ditional constraints become redundant. However, when component failures exhibit
correlations, constraints can exclude unrealistic scenarios. This set is valuable for
industries with complex interrelationships between component failures.

2.3. Solution Method

For the SO Problem (2.1), a greedy algorithm is commonly used in spare parts
inventory control (Sherbrooke, 2006; Van Houtum and Kranenburg, 2015, Chap. 2).

Our main focus in this section is on how to solve the ARO Problem (2.2). Since
most of the algorithms to solve an ARO problem are developed for fixed-recourse
problems, we first reformulate Problem (2.2) into a fixed-recourse ARO problem.
For a given i € Z and { € D, we define €;({) := B;({){;. Now, Problem (2.2) can be
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reformulated to become Problem (2.3):

. he
ei:IRV’H]R
st. €(0) <SS, ) VieZ,[ €D, (23)
Y e(@) =YY ¢ v{ €D,
i€l i€l
Gi > €i(f) >0, VieZ,[ € D.

To solve Problem (2.3), we begin by discussing two existing approximation meth-
ods. Subsequently, we propose a reformulation of Problem (2.3) to obtain an exact
solution. To enhance the computational efficiency of solving the reformulated
problem beyond the capabilities of conventional solvers, we develop two dedicated
algorithms.

2.3.1 Existing Approximation Methods

In this section, we discuss two existing approximation methods for solving Problem
(2.3): the static approximation approach (SA) and the affine decision rule approach
(ADR).

Static approximation: By treating €;({) as a here-and-now variable, we can approxi-
mate the reformulated Problem (2.3) as a static RO model. However, applying SA to
the reformulated Problem (2.3) most likely results in an optimization problem that
is infeasible (see Appendix 2.A.1 for the proof). More generally, given a partitioning
D = U,%Zng, applying any piece-wise constant decision rule to Problem (2.3),
where €;(0) is approximated by a piece-wise constant function

ei(l)~el, iffeD,

we need to have very small partitions to have a feasible approximation. This implies
the impracticality of using piece-wise constant decision rules to approximate Prob-
lem (2.3). Therefore, in the numerical experiment, we only evaluate the performance
of SA when applied to approximate the original Problem (2.2).

Affine decision rule: The ADR is a popular approximation approach for ARO
problems with fixed recourses. To apply ADR, we restrict €;({) to be affine: i.e.,
€:(f) = V-7 +u', where Vi € R" and u' € R, for any i € T.
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In the numerical experiment, we compare the performance of these existing approx-
imations with the newly developed ones presented in Section 2.3.3.

2.3.2 Exact Method

To solve Problem (2.3), we can eliminate the wait-and-see variables and cast the
problem as a static RO problem. Theorem 2.1 shows the robust reformulation of
Problem (2.3) after eliminating all wait-and-see variables.

Theorem 2.1 The ARO Problem (2.3) is equivalent to the following static RO problem:

: h
g,
, 2.
st Y S0 -Y.0 V{eDuCT *
i€T\u i€l ica
Proof. We present the proof of Theorem 2.1 in Appendix 2.A.2. O

Theorem (2.1) presents a static reformulation of the ARO Problem (2.3), where
all wait-and-see variables are eliminated. The constraints show that the optimal
inventory policy is determined by considering the worst-case demand scenario
across all possible subsets of SKUs. It guarantees that if demand spikes for some
parts, there is enough stock across the system to maintain the overall service level.
These constraints make the model suitable for situations with spare parts where
system-wide stockouts have severe consequences, but holding excessive inventory
for each individual spare part based on its worst-case demand would be pro-
hibitively expensive. The static RO Problem (2.4) provides insight into the situation
when we have a target fill rate of 100%, which is captured in the following corollary.

More specifically, for 8% = 1, most constraints in Problem (2.4) are redundant.

Corollary 2.1 Given %% = 1, Problem (2.4) is equivalent to:

(2.5)
st. §;,>(;, VieI[eD.

Corollary 2.1 states that for g% = 1, the multi-item optimization problem (system
approach) decomposes into separate single-item problems (item approach).
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We notice that after eliminating all the wait-and-see variables, both Problems (2.4)
and (2.5) are static linear robust optimization problems under right-hand side un-
certainty. An optimal solution to Problem (2.5) is achieved when the stock levels
of all SKUs reach their lower bounds. Intuitively, we see the same structure for the
optimal solution of Problem (2.4). More specifically, to find the optimal solution to
Problem (2.4), we can prioritize approaching the lower bounds of stock levels for
higher-priced SKUs first.

While we can easily reformulate Problem (2.4) into a linear optimization problem,
the obvious drawback is that Problem (2.4) has 2" — 1 constraints (the constraint
with & = 7 is redundant), which is computationally challenging. To address this,
one can employ the branch-and-cut (B&C) method to obtain an exact solution (de-
tailed in Appendix 2.A.5), which is typically effective for mixed integer optimization
problems with numerous constraints. Our numerical results show that the B&C
method is still computationally expensive. Therefore, in Section 2.3.3, we propose
several algorithms that provide close-to-optimal solutions for Problem (2.4).

2.3.3 New Approximation Algorithms

The structure of the solution for Problem (2.4) served as our inspiration for de-
signing two algorithms capable of finding solutions when # is large. Without
loss of generality, we assume that the indices of SKUs are based on their prices
in descending order. In other words, cﬁ’ > cg > > cZ. Let us consider the
following equivalent formulation of Problem (2.4):

min Y cP'S;
SeNg =7 (26)
. 2.
st Y. 8> maxpP Y ¢i— Y ], VaCZa#0Q.
icu 8€D el ifTwa
Now, we write the constraints of Problem (2.6) in matrix form as follows:
AS>b, S>0, (2.7)

where § € INjj is the vector of decision variables, A € R2"~1x" jg the constraint
coefficient matrix, and b € R?"~! is the right-hand side parameter vector. We can
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express A and b as

_ obj . .
, ba= [IgleaDX'B ) Z gz Z €1-|/ (2.8)

1 if jea eI ielwa

0 if jeZ\a
wj =
where 4, ; represents the component in the a row and the j column of the matrix
A, by is the component in the &' row of the vector b for any non-empty set « C 7.
Note that b, € Ny, for any « C Z,a # @.

Iterative Projection in Descending Order (IPDO) Algorithm:

We now introduce an algorithm that we call the iterative projection in descending
order algorithm (IPDO). In this algorithm, we first restrict ourselves to SKU 1 and
find its optimal stock level: S; = by1y. We next go to SKU 2. For this SKU, we have
two lower bounds: S, > byyy and Sy > byy ) — S1. Using these lower bounds, we
can find the best stock level for SKU 2. We continue this process until we have the
stock levels for all SKUs.

Algorithm IPDO An algorithm to solve Problem (2.6).

1 fork=1,..,n:

22 e ={aC{l,. k}:a#Qkeun}

3 Sy = max{maxeeq, {bx — Lica\ (i} Si}, 0}
4: endfor

5: Output: S

Remark 2.1 Compared to the greedy algorithm often used to solve the stochastic Problem
(2.1), see, e.g., Basten and Van Houtum (2014), our algorithm has an entirely different
approach to achieving the solution. To reach the desired aggregate fill rate, the greedy
algorithm first increases the stock level of the SKU that gives the largest ratio of increase
in fill rate divided by the cost of stocking one more unit of that SKU. This often implies
an increase in the stock level of a cheaper SKU. In IPDO, however, we first determine the
stock level of the most expensive SKU. Then, we determine the base stock levels of the SKUs
sequentially in descending order of their prices. In our numerical experiments, we delve into
what these differences imply for the resulting solutions.

In the following theorem, we show that IPDO provides us with an optimal solution
to Problem (2.6) under some conditions. To show this, for any non-empty seta« C Z,
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let IT* be a partition of #. In other words, there exists a p € IN such that IT* =
{114, ..., 113} and

M UIL U3 U...UIT) = a, H’f‘ﬂH}’-‘:@, Vi # j. (2.9)

Theorem 2.2 The solution generated by IPDO is optimal when for any non-empty subset
« C 7 and any partition I1*, we have by > Y pcr1« bp, where bp, defined in Equation (2.8),
is the right-hand side of the constraint associated with the set B.

Proof. We first show that if we remove the integrality restriction in Problem (2.6),
leading to what we call the relaxed problem, then $* = (Sj, ..., S;;) obtained by
IPDO is a basic feasible solution that is optimal. According to the assumption and
procedures in IPDO, §* can be expressed as S; = by, ) — Zf;ll S¥, ie.

S)f - b{l}/
ST +S5 = b1y,
{ + S; + S§ = b{1,2,3}, (2.10)

Y st = by
i€Z
Now we use the Simplex algorithm (Bazaraa et al., 2011) to show that $* is an

optimal solution to the relaxed problem. Let us set A; to be the lower triangular
matrix of ones with n rows and 7 columns. Also, let b := b1y, byiy byip3ys -0 bzl

Aq

Now let us denote by Aj the rows of A excluding A1, A = Set M =

2
{{1},{1,2},{1,2,3},..,Z} and let 27 be the power set of Z. Introducing slack

variables x,, for any non-empty set « C 7, we can rewrite Constraints (2.7) in a
standard form as

S
Ar Opon_q-p -1
A —[-1-n 021 —1—p,n [xa]aGZI\(MLJ@) =b 520 %0
’ [*a]aem

where I*"~1=" and I" are the identity matrices in R(2"~1-7)x(2"=1=n) and R"*",
respectively, 0,1 _1—p is the n x (2" —1 — n) zero matrix, and Oy _1_p, is the
(2" —1 —n) x n zero matrix.

Consider the basic feasible solution corresponding to B =

A1 Opon_1—p F
N . For
A2 _ 12 —1—n
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the basic solution, S and [xa],c,7\ (A1Ue) are the basic variables. Since B is a block
matrix with invertible matrices in the diagonal, B is invertible (Bernstein, 2009), and
its inverse is

-1
B-1— 4, 0
A2A1_1 _12”—1—11
where Al_1 is
1 0 0 0
-1 1 0 0
0o -1 1 0
0 0 0 - 1

Therefore, B is a basis. Since its corresponding solution is feasible, it is a feasible
basis. Now, we check the optimality criteria of the Simplex algorithm. To this end,
set cf = (c{,c3,...,c};,0,0,...,0) with n zeros. So, we have

cE“;B_l = (cf —c5,¢5—c5,...,ch_1 —ch,c,0,0,...,0).
Let e; = [0,0,0,...,1, ...,O}T be the n-tuple with all components equal to o, except

the ith one being 1. And let z, denote the objective function value for any a € M.
Then, we have

—_ -1 —_
zf1) —cé’c{l} =cgB  (—ep) — cf({l} =c5—c] <0,

a _ ap—1 a _ 4 a
{12} = Cxpppy = cgB 7 (—ey) — ¢ =c;—c3 <0,

a ap—1 a a
zz — ¢y, = cgBT (—ey) —cy, = —¢;, <0,

where the negativity comes from the fact that the initial investment is in descending
order. It is clear that all the reduced cost coefficients of the non-basic variables are
non-positive. Therefore, the solution to the relaxed problem is optimal. Because
by € INg, S* is integer, hence S* is optimal for Problem (2.6). O

The assumptions in Theorem 2.2 are linked to the absence of a redundant constraint
in Problem (2.6). The validity of this assumption depends heavily on the choice of
the uncertainty set and the value of f°% (see Corollary 2.1). However, the presence
of redundant constraints does not necessarily imply that our algorithm cannot
obtain an optimal solution. In the following, we provide an example in which most
constraints are redundant, yet our algorithm still provides an optimal solution.
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Example 2.1 Given an uncertainty set:
D={lecR":4d;<{; <d;VieTI}
where d,d € Z", and d > d. We obtain b in Constraints (2.7) from the following equation:
bo=maxp¥ Y ;= Y =PV di+(BY-1) Y d, Va#QacCT
8€D el icTw ica i€T\a
(2.11)
When d; = 0 for any i € Z, we have by, = Y gy« bp for any o C I, a # @. Therefore for
any « containing motre than one element, the constraint corresponding to by is redundant.
This leads us to only n active constraints, while IPDO still finds an optimal solution. [

The main disadvantage of IPDO is its computational effort. For the k-th iteration,
we need to calculate S based on 2¢~! values. Therefore, the computation time still
grows dramatically, which is not feasible in practice when we have a large number
of SKUs. To address this limitation, we propose two alternative approaches and
introduce a preprocessing step.

Linear Equation System Heuristic (LES) and Constraint Generation Algorithm
(ConGA):

We first use the proof of Theorem 2.2 to introduce a heuristic based on the lin-
ear equation system (2.10), which we call LES. This method allocates stock levels
sequentially, starting with S; = by, for SKU 1. For each subsequent SKU i, we
set S; = by, iy — Z;;% S;, which is the difference between the cumulative lower
bound up to and including SKU i and the sum of previously allocated stock levels.
This process continues until the final SKU 7, where S, = bz — };c7\, Si- The LES
heuristic provides an optimal solution when, for any non-empty subset &« C 7 and

any partition I1%, the inequality by > ) g1« bp holds.

The other heuristic is a simpler version of IPDO for cases with many SKUs, which
we call the constraint generation algorithm (ConGA). The idea of this algorithm
is similar to IPDO. However, we only consider restricting ourselves to a subset of
constraints. Specifically, for a given value j < n (which we call the layer of ConGA),
we consider Z{zl () constraints of the problem, corresponding to all non-empty
subsets of SKUs with at most j members. For example, when j = 2 and n = 4, we
would include 10 constraints with right-hand side values of by, by, bysy, byay,

b2y, by13y, b4y biosy, bpoay, and by 4y When j = 1, ConGA and IPDO coincide.



Solution Method 31

Algorithm ConGA An algorithm to solve Problem (2.6) with j(< n) layers.

1: Given: j;

2 fork=1,..,n:

3 g={aC{l,..k}:a#Q0kea,lal <j}
4: Sk = max{max,xggk {b,x - Ziea\{k} Si},O}
5. endfor

6: Output: S

To enhance the computational efficiency of IPDO and ConGA, we introduce a
preprocessing step as a heuristic add-on. The idea comes from the fact that the
solution obtained from LES with box uncertainty sets provides an upper bound
on the total cost since we only consider a limited number of constraints. While
analytically not proven, we observe that this solution gives, for almost all SKUs, an
upper bound on the optimal stock level. Therefore, in this preprocessing heuristic,
we set the solution obtained by LES as an upper bound on the individual stock
level. For more clarification, let us consider the box uncertainty set, and denote by
S! the solution obtained by applying the LES heuristic. So, we assume that 5! > S;.
We then calculate [b;] using the first layer of ConGA. For each SKU i, if S} = [b;],
then we report S/ as the desired stock level for SKU i. For the remaining SKUs, we
proceed with IPDO and ConGA, where ConGA uses a higher number of layers to
refine the solution.

Hybrid Method

As it is known and our analysis later in Section 2.4.2 shows, Problem (2.3) with
box uncertainty sets, particularly when solved using the LES heuristic, provides
computationally efficient solutions for large-scale problems but may be overly con-
servative. Conversely, an extended budget uncertainty set yields less conserva-
tive solutions but faces computational challenges as the problem size increases.
Therefore, we propose a hybrid method that combines these approaches to balance

solution quality and computational efficiency, which consists of three key steps.

¢ Initial Solution Generation: We first apply the computationally efficient LES
heuristic with box uncertainty set to obtain initial stock levels S/ for all SKUs.
This provides a feasible baseline solution that can be computed quickly even
for large-scale problems.
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e Improvement Potential Assessment: For each SKU i, we compute [b {i}] using
RO-ext, representing a lower bound on the required stock level. The gap
between S/ and [b {iﬂ indicates the potential for stock level reduction.

* Selective Refinement: We introduce a threshold parameter 7, meaning the
upper and lower bounds are close enough. If S/ — [biiy] < T, we retain
S! as the final stock level, since the potential reduction in stock levels when
applying ConGA with extended budget uncertainty set is limited, while the
computational time remains high. If S} — [b {iﬂ > T, we keep the SKU in the
pool. For all SKUs in the pool, we apply ConGA with an extended budget
uncertainty set to determine the stock level.

Section 2.5 demonstrates the practical effectiveness of this hybrid approach through
a real-world case study at ASML with 710 SKUs.

2.4. Numerical Experiments

We perform numerical experiments to evaluate both the effectiveness and com-
putational efficiency of the robust solutions developed in this chapter. First, in
Section 2.4.1, we investigate how the choice of the uncertainty set affects the stock
levels and objective function values using only 9 SKUs, considering the very long
computational time for exact b calculations. Section 2.4.2 evaluates the performance
of our heuristic algorithms and solution methods regarding the accuracy and com-
putation time, scaling up to 400 SKUs for the box uncertainty set and 36 SKUs
for the extended budget uncertainty set, with limits imposed by the exact solution
method. Section 2.4.3 compares the approximated solution of the RO problem with
that of the SO problem for 40 SKUs.

In the literature on spare part inventory control, it is typically assumed that demand
follows a Poisson process. Therefore, for Sections 2.4.1 and 2.4.2, we generate
such demand data based on the predicted demand rate 717;. We construct the
uncertainty set using the 95% bootstrap confidence level (Wood, 2005) of the gen-
erated demand. For Section 2.4.3, we generate demand data considering different

distributions within a simulation framework.

We implement the experiment in Python version 3.11 on a 12-core CPU MacBook
M3 Pro Chip with 18GB RAM. We solve deterministic mixed-integer linear opti-
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mization models using Gurobi 11.0.2 (Gurobi Optimization, 2018). For the ADR
and SA methods, we utilize the RSOME package (Chen et al., 2020).

2.4.1 Performance of Three Different Uncertainty Sets

In this section, we investigate the performance of solutions considering the three
uncertainty sets. We focus on a small-scale problem with n = 9 SKUs in this section

and expand to larger instances with up to 400 SKUs in later sections.

To facilitate a clear understanding of the differences in solutions resulting from the
three uncertainty sets, we first present an illustrative example. Table 2.1 displays the
input parameters for each SKU i € Z: the predicted demand rate 71;, price c?, and
lead time t. The nine SKUs are formed by all combinations of Low, Medium, and
High demand rates and Low, Medium, and High prices. The parameter settings
are exactly the same as the examples discussed in Chapter 2 of Van Houtum and
Kranenburg (2015).

Figure 2.1 depicts the stock levels for each SKU using three uncertainty sets in RO
problem (2.6). We see that in this figure, the stock levels are the same in most
cases when using the box uncertainty set (RO-box) and the budget uncertainty set
(RO-bud), with only slight differences observed for expensive SKUs at certain 3°0.
As expected, the extended budget uncertainty set (RO-ext) results in slightly lower
stock levels in most cases, which consequently increases the occurrence of zero-
stock situations for low-demand SKUs.

Table 2.1: Inputs for the illustrative example.

Parameter Value by Category
Mean demand (7;) Low: 1
(units/year) Medium: 5
High: 15
Acquisition cost* (c?) Low: 0.2
(x1000 EUR per time unit) Medium: 0.6
High: 4
Lead time (#) 2 months

* The annual holding cost c? per SKU is set at 20% of c?.

We then extend our analysis to the general case. We generate 100 problem instances
for each B°% value, where each problem instance is created by randomly drawing
values for m; for all i € Z from a discrete uniform distribution over the interval
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Cia ~~RO-box —=RO-bud —e-RO-ext
8 8 8
6 _6 _6
o o o
= E 4 l>’ 4 E 4
oD | « ™ . ~
=l g : g
T &2 82 22
0 e e s T o 0
0.102030.40.50.60.7 0.8 0.9 0.1 0203 0.4 0.5 0.6 0.7 0.8 0.9 0.1 0203 0.4 0.5 0.6 0.7 0.8 0.9
pobi Bobj Bobi
8 8 8
nE 6 =6 6
> > >
B2 ;“ 4 :" 4 i’ 4
S |8 1 %
g 22 Ep) ﬁs g2
0 0 0
0.10.2030.40.50.60.7 0.8 0.9 0.102030.40.50.60.7 0.8 0.9 0.1 020304 0.50.60.7 0.8 0.9
Bubi Bobj ﬁobj
8 8 8
6 6 _6
5 5 5
L>’ 4 3 4 3 4
3 - -~ -
o8 g 8
| &2 &2 "/e—e/u &2
0 0 0
0.1 0203 0.4 0.5 0.6 0.7 0.8 0.9 0.10.20.3 0.4 0.50.60.7 0.8 0.9 0.102030.40.50.60.7 0.8 0.9
pobi Bobj Bobi
Low Medium high m;

Figure 2.1: Solutions achieved by three uncertainty sets for the illustrative example.

[1,30]. To obtain a comprehensive representation of demand uncertainty, we gen-
erate 1,000 demand data points for each SKU from a Poisson process with a mean
of ;. We randomly generate the values of c!' from a discrete uniform distribution
over the interval [0.2,4]. These parameter settings are motivated by the real-life
value of spare parts at ASML. In practice, B° typically takes high values (usually
> 0.9) to ensure customer satisfaction (Thonemann et al., 2002; Tan et al., 2017). We
also include lower values to better demonstrate how performance changes across
different ﬂObj. Therefore, we examine ﬁ"bj € {0.8,0.85,0.9,0.95}. We define

Acbox-bud — CbOXC;OXCbud, ACPox-ext _ CbOXCb_OXCeXt,

where CPoX, CPud and C®*t are the total holding costs per time unit using the box,
budget, and extended budget uncertainty set. Therefore, ACP®Pud and ACPox-ext
represent the relative difference in the total holding cost per time unit between
the box and budget uncertainty set, and between the box and extended budget
uncertainty set, respectively. Since we have Dt C DPud C DPX, we know that

Acbox—bud Acbox—ext > 0.
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Figure 2.2 (a) shows the histogram of the values of ACPoxbud

across all test instances,
revealing that while the total holding costs per time unit using the box uncertainty
set (RO-box) are consistently higher than when using the budget uncertainty set
(RO-bud), this difference is small (typically less than 5%). In Figure 2.2 (b), the
histogram of the values of ACP**®! shows a different pattern, with a narrowing
difference of the total holding costs per time unit as f°% increases. However, 55%
of the instances still have strictly lower total holding costs per time unit using the
extended budget uncertainty set (RO-ext). As expected, using the RO-box yields
the highest total holding costs per time unit across all instances, indicating the most
conservative approach.
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Figure 2.2: Comparison of total holding costs per time unit for different uncertainty
sets.
Note: The y-axis in (a) has a different scale than in (b).

From the above analysis, we observe that the additional constraint on the sum
of demand for the budget uncertainty set has little effect on solutions, resulting
in similar behavior to the box uncertainty set. From a mathematical perspective,
the additional constraints on };-;{; only make slight differences to the values
of maxzep BN i cr T — YicT\a i, for any non-empty set « C Z. However, the
optimal stock is sensitive to [maxzep BN s O — Yier\« Gi] for any non-empty
set « C 7, which is not different in most of the instances considering the box
or budget uncertainty set. Using the extended budget uncertainty set, however,
significantly affects the values of [maxzcp BYIY s O — Yier\a Gil, for any non-
empty set &« C Z, resulting in less conservative solutions. Because RO-box and
RO-bud behave similarly, we do not explore the latter further in the rest of the
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numerical experiment.

2.4.2 Comparison of Different Solution Methods

In the previous section, we compared the solutions obtained using different un-
certainty sets by solving Problem (2.6) exactly. In this section, we evaluate two
exact methods: Gurobi and branch-and-cut (B&C). We evaluate the IPDO, ConGA,
LES heuristic, and ADR for approximation methods, all applied to Problem (2.3).
We explore the performance of ConGA with one or two layers, referred to as
ConGA 1 (j = 1) and ConGA 2 (j = 2), respectively. Additionally, we evaluate
solutions obtained by applying SA to Problem (2.2). We emphasize that based
on Proposition 2.1 in Appendix 2.A.1, applying SA to Problem (2.3) likely gives an
infeasible solution. Appendix 2.A.4 contains a more detailed comparison of ConGA
with different numbers of layers, and Appendix 2.A.5 provides details on the B&C
method.

We set 8% = 0.9 and vary 1 from 4 to 400 for RO-box and from 4 to 36 for RO-ext,
limited by the computational time of the B&C method (used as a benchmark to
evaluate accuracy). For each given n, we generate 10 random problem instances.
The values of c!' for each problem instance are obtained following the same proce-
dure as described in Section 2.4.1. Since most SKUs in the actual situation have low
demand, and inspired by the demand patterns of ASML’s SKUs, we categorize them
into low (80% of all SKUs), medium (12% of all SKUs), and high (8% of all SKUs)
demand groups. The corresponding 7; values are drawn from discrete uniform
distributions over [1, 4], [5, 10], and [11, 30], respectively. To assess the accuracy of
the solutions, we calculate the mean absolute percentage error (MAPE) of the stock
levels of the approximation method. The MAPE is formulated as follows:
MAPE:li Si— S
niml S

7

where $; and S; are the approximated and exact stock levels for SKU i, respectively.

Box Uncertainty Set

In this section, we discuss the performance of algorithms on problems using the
RO-box. We use Equation (2.11) to calculate the exact value of b, which represents
the right-hand side values of the constraints in Problem (2.6).

Figure 2.3 illustrates the performance of different methods by comparing the com-
putation time and the MAPE value. It is clear that B&C substantially reduces com-
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Figure 2.3: Mean (marker point) and standard deviation (shaded range) of
computation time (a) and MAPE values (b) for different methods using RO-box.
Note: The shaded range of computation time for some solutions is too narrow to
discern. Gurobi and B&C give exact solutions and thus are not shown in (b).

putation time compared to Gurobi while still providing optimal solutions. However,
it still experiences rapid increases in computation time when n > 350. IPDO and
ADR face memory limitations for larger instances (1 > 280 and 330, respectively).
ConGA 1, while computationally efficient, shows declining solution quality for
larger instances. ConGA 2 addresses this limitation by maintaining low MAPE
values even for larger problem sizes. SA maintains good performance across prob-
lem sizes, balancing reasonable computation times with high solution quality. The
LES heuristic demonstrates remarkable efficacy, exhibiting the shortest computation

time while consistently attaining very low MAPE values.

Extended Budget Uncertainty Set

The extended budget uncertainty set contains 2"*! — 2 constraints when there are
n SKUs in the model. To efficiently derive the values of b using this uncertainty set,
we propose an approximation algorithm, which is explained in Appendix 2.A.6.
The error in approximating b using this algorithm is minimal, resulting in identical
stock levels compared to using the exact b while being notably faster than obtaining
the exact b. In the following comparison, we use the approximated value of b for
IPDO, B&C, ConGA, and LES.

In Figure 2.4 we compare the performances of different methods. Figure 2.4(a)
displays the computation time, and Figure 2.4(b) shows the MAPE of stock levels
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Figure 2.4: Mean (marker point) and standard deviation (shaded range) of
computation time (a)and MAPE values (b) for different methods using the RO-
ext. Note: The shaded range of computation time for some solutions is too narrow
to discern. Gurobi and B&C give exact solutions and thus are not shown in (b).

for various methods as the number of SKUs increases. Exact methods (Gurobi and
B&C) show rapidly increasing computation times, with Gurobi facing limitations
beyond n = 12. ADR and SA also exhibit growing computation times and reach
memory limitations at n > 16 and 18, respectively. Therefore, these methods are
excluded from Figure 2.4(b). In contrast, IPDO, ConGA (1 and 2), and the LES
heuristic maintain low computation times across all problem sizes. For solution
quality, the LES heuristic shows high MAPE (20-40%) as n increases. IPDO and
ConGA maintain very low MAPE (0.1-0.2%) in a few instances while achieving
optimal solutions in all other cases. Our further investigation in Appendix 2.A.4
shows that IPDO encounters memory limitations when n > 70, while ConGA

performs effectively beyond this number.

Overall, the effectiveness of all existing methods is heavily dependent on the com-
plexity of the uncertainty set, which can lead to errors and memory shortages,
especially when using the extended budget uncertainty set. Our proposed ConGA
performs consistently well for both types of uncertainty sets, while the LES heuristic
demonstrates good performance for only the box uncertainty set. As 1 increases,
ConGA's performance can be improved by increasing the number of layers with an
increase in the computational time. Specifically, when the number of layers equals
n, ConGA coincides with IPDO.



Numerical Experiments 39

2.4.3 Comparison of Stochastic and Robust Models

This section compares the performance of implementing SO and ARO models. We
first present an illustrative example with g SKUs, followed by a comprehensive
simulation-based experiment with 40 SKUs. The simulation examines two cases: (i)
uncertainty in the shape of the demand distribution and (ii) combined uncertainty
in both the shape and size of the demand.

Illustrative example: We start with an illustrative example featuring nine SKUs,
which is the same problem instance discussed in Section 2.4.1. For the ARO model,
we construct the uncertainty set using the 95% confidence interval of the Poisson
process given ;.
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Figure 2.5: Solutions to RO-ext and SO-Greedy for the illustrative example.

Figure 2.5 shows the solution of the SO model obtained by the greedy algorithm
(SO-Greedy) (Basten and Van Houtum, 2014) and the exact solution of the robust
model considering the extended budget uncertainty set. The SO model tends to
stock more spare parts with lower holding costs for SKUs with the same 7;. As
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B increases, the low-cost spare parts are prioritized to reach a higher stock level.
In contrast, the robust solution prioritizes high-demand spare parts, maintaining
higher stock levels for high-cost spare parts compared to SO-Greedy. For SKUs
with equal 71, the stock level obtained by the RO-ext model essentially follows a

similar increasing trend when B increases.

Simulation-based experiment: Now, we conduct a simulation-based experiment
to compare the solutions obtained by the SO and ARO model, following the steps
shown in Figure 2.6. The experiment involves n = 40 SKUs, each with a two-
month lead time. The annual holding cost ¢! and the predicted demand rate 77; are
obtained using the same range as described in Section 2.4.2. For an overview, we
refer to Table 2.2.
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Figure 2.6: Steps for the simulation.

Table 2.2: Input values for the simulation experiments ({/ denotes a discrete uniform
distribution).

Parameter Value(s)

Number of SKUs (n) 40

Annual holding cost (c?) U[0.2,4] (x1000 EUR)
Mean demand (7;) Low: U1, 4]
(units/year) Medium: ¢[5,10]

High: ¢/[11,30]
SKU distribution by demand category Low: 32, Medium: 5, High: 3

Lead time () 2 months

Demand inter-arrival distributions Gamma, Weibull, Lognormal,
Inverse Gaussian

Coefficient of variation (CV) 0.2, 0.4, 0.6, 0.8, 1.0,

1.2, 1.4, 1.6, 1.8
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This experiment assumes the availability of sufficient historical data for both ap-
proaches, which we acknowledge is an optimistic scenario that may not always
hold in practice (we examine the implications of data limitations in Section 2.5). To
construct the training dataset, we generate 1,000 demand data points from a given
inter-arrival time distribution, each with a mean value of #1; for the corresponding
SKU. For example, we can use an exponential distribution for the inter-arrival times,
which would result in a Poisson demand process. For the SO Problem (2.1), we fit
a Poisson process to the training dataset of each SKU. For the ARO model, we
construct the uncertainty set using the 95% confidence level based on the empirical
distribution of the training dataset. We then obtain solutions for both models with
B = 0.9. To evaluate the performance of the obtained solution, we generate 500
instances. Each instance contains a demand arrival pattern over a two-year simula-
tion period. The first year is considered a warm-up phase, during which fill rates
are gradually decreasing as demand is processed due to the initial storage position
being at its maximum. Therefore, we commence the calculation of simulated fill
rates in the second year, enabling us to assess the solution’s performance under
stable conditions.

We examine two types of demand uncertainty in the experiment: uncertainty in
the shape of the demand distribution and uncertainty in the size of demand. In
Case (i), we consider situations where the predicted demand rate 7; is accurate.
However, the actual demand per lead time follows a distribution with some varia-
tion in shape, deviating from the Poisson process. Building on Case (i), we further
investigate Case (ii), which includes both the occurrence of demand dispersion from
the Poisson process and the misestimation of the predicted demand rate.

Case (i): In the first case, we examine the impact of demand variability on spare
parts inventory control. We measure the demand variability by the coefficient of
variation (CV), which is the ratio of the standard deviation to the mean of the
demand inter-arrival times. A high CV(> 1) indicates a large dispersion of the
actual demand rates in relation to the predicted demand rate 7;, while a low
CV(< 1) implies that the actual demand rates are more concentrated around 7;. In
Case (i), we vary the standard deviation of the distribution of demand inter-arrival
times while keeping the same 71;, thus varying CV values.

We extend beyond the conventional exponential distribution for demand inter-
arrival times, which yields a Poisson arrival process with a constant CV of 1. To
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incorporate varying CV values, we employ four distributions widely recognized for
representing positive and continuous demand inter-arrival times: gamma, Weibull,
lognormal, and inverse Gaussian (Burgin, 1975; Ghodrati, 2006; Chaves and Gosavi,
2022). Notably, when CV equals 1, both gamma and Weibull inter-arrival times
result in a Poisson arrival process. Table 2.2 provides an overview of the test bed.
We generate 10 random problem instances for each parameter setting.

We evaluate the performance of the solutions based on their simulated fill rate and
total holding cost per time unit. Let us define ACPO8reedy and ACSt8reedy a5 the
relative difference in the total holding costs per time unit between RO-box and
SO-Greedy, and between RO-ext and SO-Greedy, respectively. Specifically, we have:
Cbox _ (greedy Acext-greedy _ cext _ cgreedy
Cgreedy 4 Csreedy
where C#¢dY represents the total holding cost per time unit using SO-Greedy.
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Figure 2.7: Simulated fill rates (top) with mean (marker point) and standard
deviation (shaded range), and relative differences in holding cost per time unit
to SO-Greedy (bottom) for different demand inter-arrival time distributions.

Figure 2.7 displays the simulated fill rates, along with ACPox-8reedy and ACeXt-greedy
for different demand inter-arrival time distributions: gamma, Weibull, lognormal,
and inverse Gaussian. The top row shows that robust solutions maintain the sim-
ulated fill rates consistently above the target (8°° = 0.9) across all distributions.
The bottom row shows that RO-ext generally yields the target fill rate with lower
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costs than RO-box. Notably, the robust solutions perform significantly better than
the SO solution when the dispersion of demand is high (CV > 1). To keep such
a high fill rate, we see that the total holding cost per time unit of robust solutions
needs to be increased in such cases. Conversely, when demands concentrate around
m; (CV < 1), all solutions achieve the target fill rate with closer costs. In some
instances, the robust solutions are even more cost-effective than the SO solution.
It is worth noting that at CV = 0.2, RO-box and RO-ext perform similarly. These
patterns are consistent across all four distributions examined, demonstrating the

robustness of our findings across different demand inter-arrival time characteristics.

Case (ii): After analyzing Case (i), we now consider the case where both types of
demand uncertainty co-occur, i.e., when demand does not arrive according to the
Poisson process, and the predicted demand rate 7; is misestimated. We examine
the extent of misestimation by randomly generating the ratio of the actual demand
rate for the test dataset to the predicted demand rate. We draw the ratio from a
discrete uniform distribution with the interval /[0.8,1.2] for small misestimations
and U[0.6,1.4] for large misestimations.

We show the simulated fill rates of the solutions in Figure 2.8. As the extent of
misestimations increases (Figure 2.8 (bottom)), the simulated fill rates are more
affected, with wider ranges. The robust solutions yield a higher simulated fill
rate than the SO solutions in most cases for gamma and Weibull distributions
and when demand deviates from the mean (CV > 1) for lognormal and inverse
Gaussian distributions. This indicates the superior performance of robust solutions
in mitigating the effects of demand uncertainty in most cases.

Overall, the RO solutions perform well in achieving the target fill rate, especially
when the actual demands deviate from a Poisson arrival process or in instances
where the demand rate is misestimated. However, the simulated fill rate achieved
by SO-Greedy only reaches the target under the assumption of actual demand
following a Poisson arrival process and with a relatively accurate prediction of the
demand rate. A critical limitation in implementing the SO model becomes evident
when these assumptions are violated. In this case, the RO model considering either
of the two uncertainty sets yields solutions that achieve the goal as effectively as
SO-Greedy and incur similar or lower holding costs per time unit. Therefore, the
RO solutions are more stable for coping with demand uncertainty than the SO
solution in this investigation. This stability makes them appealing for practical
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Figure 2.8: Mean (marker point) and standard deviation (shaded range) of
simulated fill rates when the ratio of actual demand rate to predicted demand rate
follows a discrete uniform distribution of ¢/[0.8,1.2] (top) and in ¢/[0.6, 1.4] (bottom).

implementations, offering enhanced managerial certainty and reliability.

The numerical experiment conducted above demonstrates the effectiveness of the
RO and SO models when sufficient data is available. However, this is not always
the case in practical applications for spare parts inventory management, particularly
during the early stages of the product life cycle. Thus, to gain insight into how data
limitation impacts the solutions generated by various models, we conduct a case
study in the next section.

2.5. ASML Case Study

As the largest supplier for the semiconductor industry (Tarasov, 2022), ASML man-
ages spare parts to guarantee the availability of its machines. In practice, ASML is
required to determine stock levels for over 2,000 SKUs at the new product intro-
duction (NPI) stage. The state-of-the-art spare parts inventory control at ASML
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closely resembles the SO Problem (2.1) (Lamghari-Idrissi et al., 2022), which is
implemented by first assuming Poisson demand processes, then estimating demand
rates, and finally employing a greedy algorithm for generating solutions. Based on
the CV analysis of SKUs” demand at ASML (see Section 1.1), and the results from
Section 2.4, the conventional SO solution may not be reliable. Therefore, in this

section, we investigate the actual performance of the RO solution.

After filtering out SKUs with incomplete or inconsistent historical demand data
(more details on data processing can be found in Appendix 2.A.7), we focus on a
dataset comprising 710 SKUs out of 2,428 SKUs. This dataset covers the first three
years of demand data for a specific generation of ASML machines during the early
stages of their product lifecycle. The average annual demand is low, on average 4.22
per year per SKU, and varies between 0.34 and 97. We divide the demand data into
two sets: the first two years for training and the third year for testing. We account
for non-stationary demand by incorporating machine sales trends into our demand
projections, as detailed in Appendix 2.A.7.

ASML categorizes its SKUs based on two primary factors: price and demand rate.
Table 2.3 presents the distribution of SKUs across these categories, expressed as
proportions of the total SKU count.

Table 2.3: Distribution of SKUs by Price and Demand Categories.

m; (per year)
<5 5—-10 >10 Total
<3 065 0.08 0.09 0.82
¢ (x 1000 Euros) 3—-10 o0.12  o0.02 0.01  0.15
>10 o0.02 0.00 0.01  0.03
Total 0.79  0.11 0.10  1.00

To avoid costly downtime caused by unfulfilled demand, ASML is committed to
achieving a very high fill rate. We set g% € {0.80,0.85,0.90,0.95,0.99} to explore
the performance of the model across different service targets and to identify the
highest fill rate that is practically achievable. ASML standardizes lead time param-
eters for all SKUs at the inventory planning stage. To reflect a realistic range of
parameters while maintaining confidentiality, we set the lead time for each SKU to

3 months.

We employ SO-Greedy to capture the current practice in ASML. We use the LES
heuristic for RO-box. For each SKU, we construct the uncertainty set using d; and
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Table 2.4: Comparison of the simulated fill rates, the relative difference in total
holding costs per time unit when SO-Greedy and RO models achieve the exact
same simulated fill rate, and the total computation time using different inventory
policies.

SO-Greedy | RO-box by LES RO-ext by ConGA Hybrid method
pobi 1;];“(‘:3)05;1:2: 710 710 ~ 48 71 142 710
0.85 Simulated fill rate™* 0.660 0.899 0.884 0.878 0.865 0.867
: AC* - -8.18% -11.68%  -9.38%  -9.32% -5.53%
Total computation time (s) 20.943 0.054 7.190 19.598  190.390 0.228
0.90 Simulated fill rate** 0.704 0.905 0.897 0.899 0.883 0.888
: AC* - -7.22% -12.21%  -14.62% -10.12% -8.78%
Total computation time (s) 23.554 0.059 6.157 59.597  200.622 0.063
Simulated fill rate** 0.754 0.913 0.911 0.910 0.908 0.909
095 AC* - -11.84% -14.60% -14.86% -15.65% -17.27%
Total computation time (s) 25.643 0.058 2.258 69.371  208.604 0.000
o Simulated fill rate** 0.819 0.915 0.915 0.915 0.915 0.915
9 AC* - -10.20% -10.40% -10.40% -10.90% -10.20%
Total computation time (s) 31.988 0.054 0.010 0.001 0.007 0.000

* AC is the same as ACPox8reedy for the comparison of SO-Greedy and RO-box, equivalent to ACextgreedy for the comparison
of SO-Greedy and RO-ext, and equivalent to AC"YPrid-greedy for the comparison of SO-Greedy and the hybrid method.
** Simulated fill rate refers to the realized fill rate measured on the third-year data (test set), which is out of sample.

d;, calculated from the minimum and maximum historical demand per lead time,
respectively.

For RO-ext, we additionally calculate ', and T, representing the minimum and
maximum of the aggregated demand for any subset of SKUs «. We use ConGA 3
based on the discussion in Appendix 2.A.4. Due to memory capacity constraints
for some algorithms, we decompose the 710 SKUs into 5, 10, or 15 sub-datasets of
similar size and demand patterns, resulting in approximately 142, 71, and 48 SKUs
per sub-dataset, respectively. Further details can be found in Appendix 2.A.7.

We also investigate the hybrid method outlined in Section 2.3.3, which combines
RO-ext with RO-bud and does not require dataset decomposition. In addition, our
computational results (detailed in Appendix 2.A.7) show that B&C achieves very
similar solution quality to the LES heuristic and ConGA 3 but with significantly
longer computational times. For a detailed analysis of solution performance using
different methods, including ConGA, LES, and the hybrid method, we refer to
Appendix 2.A.8 and 2.A.9.

Table 2.4 compares different inventory policies through simulated fill rates (realized
on third-year test data), relative holding cost differences when robust solutions and
SO-Greedy achieve the same simulated fill rate, and computation times. The robust
solutions (RO-box, RO-ext, and hybrid method) consistently outperform SO-Greedy
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in achieving higher simulated fill rates while offering cost savings of 5 to 17%
for the same simulated fill rate. We notice that when g°% = 0.9, the simulated
fill rates of the robust solutions either meet or are very close to ,B"bj. However,
the simulated fill rate fails to reach g% when B = 0.95. This discrepancy is
predominantly attributed to an unexpected surge in demand for certain SKUs in
our dataset during the third year. This surge, which is even more than tenfold
in the third year compared to the first two years, creates a challenge for further
improvement beyond a 90% simulated fill rate.

Regarding computational efficiency, RO-box by LES requires less than 0.06 seconds
in all scenarios, and the hybrid method requires at most 0.228 seconds, both notably
faster than SO-Greedy (up to 32 seconds) and RO-ext with larger sub-datasets (up
to 208 seconds). The hybrid method is particularly effective at 8% = 0.95, achieving
the highest cost savings of 17.27% while maintaining a simulated fill rate of 0.909,

demonstrating its ability to balance solution quality and computational time.

This case study demonstrates that by implementing our robust spare parts inven-
tory solution for the new generation of machines, ASML can achieve the target fill
rate more efficiently and cost-effectively than the currently employed SO-greedy
approach. While using RO-ext initially required decomposition into smaller sub-
datasets, the hybrid method eliminates this need while maintaining high-quality
robust solutions, making it particularly valuable for large-scale inventory problems.

2.6. Conclusion

In this chapter, we propose a robust inventory model for spare parts with lost
sales. We reformulate the ARO problem into a deterministic counterpart. To solve
the problem efficiently, we introduce the IPDO algorithm, which provides optimal
solutions under certain conditions. To improve the problem-solving efficiency in
large-scale problems, we develop the ConGA and the LES heuristic and propose a
hybrid approach combining ConGA and LES.

The results of simulation experiments demonstrate that the solutions obtained by
the RO method exhibit greater stability compared to those obtained from the SO
model in terms of the simulated fill rate. This stability is evident when the demand
deviates from a Poisson process or when there are inaccuracies in estimating the
demand rate. The SO model’s instability stems from its assumption of Poisson
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demand, making the model unreliable when this assumption is violated in practice.
The inherent stability of the RO model makes it an attractive option for practical
implementations, providing increased certainty and reliability.

We validate our approach through a case study at ASML involving 710 SKUs for
one type of machine. The results show that the robust solutions outperform the
currently employed inventory policies, making the robust solutions more reliable
and cost-effective for coping with demand uncertainty in the spare parts inventory
at ASML, especially at the beginning of a product life cycle.
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2.A. Appendix

This chapter includes nine appendices. Appendix 2.A.1 provides the proof that
in practical cases, applying SA to Problem (2.3) results in an infeasible solution.
Appendix 2.A.2 presents a proof of Theorem 2.2. Appendix 2.A.3 presents an
explanation of the Fourier-Motzkin elimination procedure as applied to two-stage
robust optimization problems. Appendix 2.A.4 investigates the performance of
different layers for ConGA, which can help in selecting an appropriate layer for
a given number of SKUs. Appendix 2.A.5 introduces the branch-and-cut method,
providing pseudocode and discussing its performance in the ASML Case Study.
Appendix 2.A.6 presents an algorithm to efficiently derive the values of b in Con-
straints (2.7) using the extended budget uncertainty set. Appendix 2.A.7 describes
the data preparation process for the ASML Case Study. Appendices 2.A.8 and 2.A.9
evaluate the performance of ConGA, LES, and the hybrid method at ASML.

2.A.1  Proof of Infeasibility of SA to Problem (2.3)

Proposition 2.1 Applying SA to Problem (2.3) results in an optimization problem that is
infeasible if
mingep Y ez Gi
maxzep Yz Gi

< B,

Proof. Applying SA to Problem (2.3) implies that €; is a here-and-now variable.
Therefore, after applying SA, we have

. ac.
gﬂl\% Z ¢ S (2.12a)
" i€l
s.t. € <5; VieZ, (2.12b)
Y e>pY g, vV € D, (2.120)
icZ icZ
Gi>€ >0, VieZ,[ € D. (2.12d)
For any feasible solution (S, €) in Problem (2.12), we have
o mangl < Y & <) ming; <min) (2.13)
{eD i€l i€l zeI {eD {eD i€l

where, from the left, the first inequality is due to constraint (2.12c), the second
inequality is because of (2.12d), and the last inequality is because of the definition

of min. Therefore, if Problem (2.12) is feasible, then Egigigi? ﬁObJ which

contradicts the assumption. Therefore, Problem (2.12) is infeasible. O
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We emphasize that ; is the demand for SKU i; hence nonnegative. Therefore,

maxzep Y ez (i # 0 as long as D contains a non-zero element.

In practical situations, the value of 8 is typically quite large (e.g., larger than o.9),
while the demand for spare parts tends to be relatively low, with the lower bound
of the uncertainty set close to zero. Consequently,, it is likely that the assumption of
Proposition 2.1 holds in most situations, which implies that SA is not practical.

2.A.2 Proof of Theorem 2.1

We prove Theorem 2.1 using the Fourier-Motzkin elimination (FME) procedure
(Zhen et al., 2018). A more detailed explanation of the FME procedure is presented
in Appendix 2.A.3. We first show the robust reformulation of Problem (2.3) after

eliminating k(> 0) wait-and-see variables in the following proposition.

Proposition 2.2 Let " %1 = {n —k +1,..,n} and « be a subset of T" %1, After
eliminating €;({), for any i € Z"*+1, Problem (2.3) is equivalent to:

. h
min ct'S;
S
Rk R
st €(l) <S;, Vie I\I" "1, 7 e D,

n—k n
Z ei(g) + Zgl + Z Si Z ‘BOhj Z gi/ vg c D,IX g IVl—k-i-l,
i=1 i—1

ica iel'”*k“\a i
Zi > €(l) >0, VieI\I" 1, reD.
(2.14)

Proof. Let k = 1, we have:

() < S, Vie I\{n},{ € D,
GH((,) < Su, Vg €D,
n—1 . n

Y €i0) +en(f) > BV Y 25, v € D,
i=1 i=1

li>e(f) >0, Vie I\{n},L € D,
gn > €n(§) >0, Vg e D,

where S € INj. Eliminating €,,({) using FME results in
€(0) <S;, Vie I\{n}, L € D,
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n—1 n
Y e(Q) +Sq > B Y ¢, v € D,
i=1 i=1
n—1 . n
Y @) +2n =By g Vi € D,
i=1 i=1
Gi > €i(0) >0, Vie I\{n},{ € D.

So, the formulation of Problem (2.14) is valid for k = 1. Let us assume for a
given k € Z that the formulation is equivalent. So, by eliminating €;({) for any
i € 7" *+1 from Problem (2.3), we have

. ag.
e,—:]R”H]R
st. () <S;, Vie I\I" "1 eD,
n—k—1
€i(0) +enk(0)+ (2.15)
i=1
) n
Yo+ Y SizpUYy G, vieDacIvH
ica ieZW—k+1\a i=1
& >e(f) >0, Vie I\I" ", eD.

We show that Problem (2.14) also holds for k + 1. Eliminating €, ({,_x) from
Problem (2.15) using FME results in

() <8, VieZI\I" K e D,
n—k—1 .n
Q) +Suk+Y G+ Y Si=pUY &, VieDaCIV M,
i=1 ica ieI"*k+1\a i=1
n—k—1 on
&)+ i+ Y G+ Y, Si=pMY g, V{eDacIVF,
i=1 icn ieTn—k+1\g i=1
Zi>e€i(f) >0, VieZ\I" kK g eD.
(2.16)
Rearranging (2.16) concludes the proof of Proposition 2.2. 0

The proof of Theorem 2.1 follows from Proposition 2.2 by setting k = n.

2.A.3 Fourier-Motzkin Elimination in Robust Optimization

Fourier-Motzkin elimination (FME) is a mathematical technique to remove variables
from systems of linear inequalities. In robust optimization, FME serves as an
essential tool for reformulating adjustable RO problems into static RO problems.
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Based on the work of Zhen et al. (2022), we demonstrate the elimination of a single
wait-and-see variable €({) by FME from a system of linear inequalities with multiple
constraints. Consider the following robust optimization problem with an uncertain
vector { = {{1,02,03,04,05} € D, where each {; represents a component of the
uncertainty, and here-and-now variables are Sy, S, S3:

3
;Ieli% 1; ¢iS; (Objective)
st. €(l) <S1+0, VZ €D, (UB1)
e(l) < S+ 0o, VI € D, (UB2)
e(f) > 03— Ss, v € D, (LB1)
e(f) > Gu, VT € D, (LB2)
e(f) +e1(f) > Cs, Vi €D, (KQ)

where ¢; > 0 are cost coefficients and €1({) is another wait-and-see variable. Now

we show how to eliminate €({) using FME.

Step 1: Identify Bounds on €({)
The variable €({) is bounded by:

max ({3 — S3,04,05 — €1(0)) < €(f) <min (51 + 01,52+ 02), VI €D.
Lower Bound Upper Bound

Step 2: Feasibility Condition
For €({) to exist, the lower bound should be smaller than the upper bound, imply-
ing:

max (§3 — S3, C4, C5 - 61(@)) < min (51 + Cl,Sz + @2) ’ Vg e D. (FC)

Step 3: Eliminate ¢(Z) via FME
Step 2 provides a sulfficient and necessary condition to eliminate €({). So, expand-
ing Constraint (FC) by pairing all lower bounds with all upper bounds:

03—53<5+0, Vi e D, (C1)
{3—53< S+, VI €D, (C2)
4 <51+, Yl e D, (C3)
4 < S+, VYl €D, (Ca)

is—e1(f) <S1+2, Vi e D, (Cs)
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{5 — €1(g) < S+ 0y, V¢ € D. (Coé)

Final Reformulated Problem
After eliminating €({), the problem retains Constraints (C1) to (C6). The reformu-
lated problem becomes:

3
;2%13 l};Cisi
st. (3—S53<S51+01, Yl €D,
03— 53 < S +0, Yl € D,
G4 <S1+01, Yl €D,
04 < S+ 0, Yl €D,
S1+01+e(f) =8 Vi €D,
S+ 02 +€1(f) = s, vl € D.

2.A.4 Performance of ConGA

In this section, we investigate the performance of different numbers of layers of
ConGA. We conduct tests for the number of layers j = 1,2,3,4, and 5, and vary n
between 30 to go. The parameter settings are the same as those employed in Section
2.4.2. Because the exact inventory levels are unavailable for a large number of SKUs
(n), we compare the relative differences in the objective values obtained by different
solution methods as follows:

ct—c”

ct
where AC!—! represents the relative difference in the total investment costs ob-

AC =

tained from solution ¢ compared to solution ¢/, and where C’ and C' denote the

total investment costs of solution ¢’ and solution ¢, respectively.

In our analysis of the RO model with a box uncertainty set in Section 2.4.2, the
LES heuristic demonstrates superior performance, obviating the need for further
exploration of ConGA in this context. Therefore, we investigate the performance of
ConGA when using the extended budget uncertainty set.

ConGA 1, 2, and 3 exhibit remarkably short computation times across all values
of n, as illustrated in 2.9 (a). Meanwhile, ConGA 5 has a significantly longer
computation time than other ConGA layers and reaches computational limits at

n = 78 due to memory constraints.
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Given these resource limitations, ConGA emerges as the sole viable option for
n > 30. Therefore, we establish ConGA 5 as the benchmark for total investment
cost comparisons. Figure 2.9 (b) shows the relative difference in total investment
costs using ConGA 1 to 4 compared to ConGA 5. ConGA 1 exhibits a more
substantial increase as n increases. However, ConGA 2, 3, and 4 slightly differ
in total investment costs from ConGA 5.

It is important to note that ConGA provides an approximate lower bound for the op-
timal solution when j < n. To quantify the precision of this approximation relative
to the exact lower bound, we calculate the mean Mean Absolute Percentage Error
(MAPE) of stock levels derived from ConGA, using the exact solution obtained by
Gurobi under identical constraints as the reference. Figure 2.9 (c) shows the results.
When j = 1, the constraint is expressed as S; > b; for any i € Z, so the mean
MAPE value of ConGA is zero. For j > 1, the values of mean MAPE increase with
n but remain relatively low at less than 8%. This suggests that ConGA solutions
yield a comparatively higher lower bound, with higher ConGA layers providing
a more elevated upper bound for the lower bound, ultimately resulting in more

conservative solutions.

Based on the above analysis, we can select the appropriate ConGA layer for n SKUs
by considering running time and accuracy.

2.A.5 The Branch-and-cut (B&C) Method

The B&C method has been utilized in previous research to solve MIP problems with
a large number of constraints Coté et al. (2014, 2021). In our implementation, the
B&C algorithm is based on iteratively solving Problem (2.6).
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Algorithm B&C Branch-and-cut algorithm for solving Problem (2.6).

1: Initialize Problem (2.6) with partial constraints

2: Solve the restricted problem and obtain the objective value obj, set LB = obj, UB = 400
3: Solve Problem (2.6) in a B&C fashion: T

4. for each integer solution found in the B&C:

5: if the objective value of the current solution > UB:
6: This integer solution is non-promising; continue to verify the next integer solution
7 else Determine the feasibility of the current solution
8: if the solution of the subproblem is feasible:
o Denote the corresponding objective value obj, update UB = min{UB, obj}
10: Retrieve the best LB from the solver
11: if UB = [LB]:
12: UB is the optimal solution
13: return UB
14: else Identify at least a subset & such that the current solution is not satisfied, add

the following lazy constraints to the problem

Y.si> [rgrgﬁ"bj Y.Gi— Y GlVAaCTLa#0o

ick i€l i€T\&

15:  endfor
16: Output: S

For a given a € Z, we solve Problem (2.6) with standard off-the-shelf commercial
MIP solvers. When a new solution is found, we store it in a global variable that
is accessible by the branch-and-cut algorithm (implemented in Gurobi 11.0.0). The
branch-and-cut algorithm checks for improved upper bounds during its search,
and whenever available it uses the solution provided by Problem (2.6) as the new

incumbent solution.

Applicability to the ASML case study: Due to memory capacity and computational
time constraints, we employ a decomposition strategy when applying the B&C
method. For RO-box, we divide the 710 SKUs into 5 sub-datasets of similar size
and demand patterns. Similarly, for RO-ext, we utilize 15 sub-datasets to accom-
modate the B&C method’s computational requirements. To address the potential
for excessively long running times, we implement a time limit of 1 hour per sub-
dataset, resulting in a total limit of 5 hours for the 5 sub-datasets in our ASML
case study. This means we consider the best bound and solution found within the

1-hour timeframe for each sub-dataset.

Figure 2.10 illustrates the simulated fill rate and investment cost of LES, ConGA,
and B&C methods for both RO-box and RO-ext approaches. For RO-box, the results
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from ConGA and B&C methods show close alignment across all Y. In the case
of RO-ext, the differences become negligible when % > 0.95. As 8° decreases to
0.85, the gap widens slightly; however, the investment costs remain nearly identical,
with the simulated fill rate differing by merely 0.5%.

While the solution quality is comparable, the computational efficiency varies clearly
among the methods. Table 2.5 presents a comparison of computation times. No-
tably, the B&C method’s computational time substantially exceeds that of LES for
RO-box and ConGA for RO-ext across all .

Table 2.5: Comparison of computation times (s) for different RO methods.

Method Target Fill Rate (Bob;)

0.85 0.90 0.95 0.99
RO-box by LES 0.054 0.059 0.058 0.054
RO-box by B&C 18,094.082  3,732.563  53.483 42.324
RO-ext by ConGA 7.190 6.157 2.258 0.010

RO-ext by B&C 4,655.211  3,669.387 1,584.105 125.092

Discussion: The computational time of the B&C method is closely related to the
constraints, specifically the value of b in Constraint (2.7). The value of b is not
only related to the uncertainty set but also to ° and historical demand data.
Consequently, the performance of the B&C method exhibits considerable variability.

To illustrate this variability, we compare results from different scenarios. In Section
2.4.2, we generate ten instances with Poisson demand and set 8% = 0.90. For
the box uncertainty set, the B&C method required only a few seconds for 150 SKUs.
However, our ASML case study, involving 5 sub-datasets, each containing 147 SKUSs,
yielded different results. When B°Y = 0.90, four of the sub-datasets exhibited
computational times similar to the numerical example in Section 2.4.2. Interestingly,
one sub-dataset could not complete its computation even after several hours. The
situation became more challenging when g° = 0.85, as all sub-datasets using the
B&C method failed to complete within several hours.

These findings underscore the sensitivity of the B&C method’s computational time
to specific problem characteristics and parameter settings, highlighting the need for
careful consideration when applying this method to large-scale inventory optimiza-
tion problems.
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2.A.6 An Algorithm for the Extended Budget Uncertainty Set

The extended budget uncertainty set comprises 2" ! — 2 constraints when the model
includes n SKUs. Using this uncertainty set, we propose the following approxima-
tion algorithm to efficiently derive the b values in Constraints (2.7).

by := [BTo + (B — 1)I1\,], Va CZ,a#Q. (2.17)

We use Gurobi to solve the problem instances with approximated and exact b,
then compare their accuracy and computation time. We find that using either the
approximated or exact values of b produced the same results in all instances, which
indicates that the error generated by the approximated b has a minimal effect on
the final result. In Figure 2.11, the computation time is significantly reduced when
using the approximated b. The exact b cannot be obtained due to limited memory

when n > 11, while the approximation method still performs well.

2.A.7 The Data Filtering Process, Data Decomposing, and Data
Processing for ASML Case Study

In this section, we outline the methods utilized for data filtering, decomposition,
and processing in the ASML case study, on which we report in Section 2.5.

Data filtering process: We implemented a data filtering process to refine the dataset
for our analysis. Initially, the dataset consisted of 2,428 SKUs. We conduct the
following steps for the data filtering:

¢ SKUs lacking historical demand data are excluded to ensure dataset integrity,

reducing the count from 2,428 to 1,012 SKUs.

e SKUs demonstrating zero demand in the initial two years are removed, as
they do not offer sufficient information for generating viable solutions. This
further reduces the SKU count from 1,012 to 710.

Data decomposing: Due to the limited memory of the laptop, we adopt data de-
composition using systematic sampling to create smaller sub-datasets with similar
demand patterns. For instance, if we aim to decompose the data into m sub-
datasets, each sub-dataset will have a sample size of approximately 710/m. This
process works as follows:

* We initiate the process by sorting all SKUs from the smallest to the largest
based on their demand size.
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e We choose 1 as the starting number and add the 18t SKU, 1+ m'" SKU,
1+ 2m'" SKU, and so on, to form the elements of the first sub-dataset.

¢ Next, we choose 2 as the starting number and add the 2m SKU, 2 + m'" SKU,
2 +2m'" SKU, and so forth, to create the second sub-dataset.

¢ We continue this procedure, incrementing the starting number up to m, to add
the remaining SKUs to the subsequent sub-datasets.

Data processing: In this case study, we leverage data from the first two years to
obtain solutions for the third year. An essential factor to consider is the continuous
surge in demand for spare parts at ASML, which directly corresponds to the in-
creasing sales of machines annually. Consequently, we analyze demand variations
over the initial two years, and we assume that the observed trends in demand
fluctuations during the first two years will remain consistent in the third year, but
multiplied by a certain factor due to the steady annual growth in machine sales.

We estimate the predicted mean demand rate for the third year by multiplying the
mean demand rate of the first two years by 1.5, which aligns with the observed sales
increase (ASML, 2023). To obtain robust solutions for the third year, we conduct an
analysis of the minimum and maximum lead time demands in the second year
relative to the first year (Figure 2.12(a) and Figure 2.12(b) respectively). To ensure
the robustness of our solutions, we incorporate a wide range of ratios derived
from the analysis results presented in Figure 2.12. Specifically, we set 2.5 times
the maximum lead time demand observed in the first two years as our predicted
maximum lead time demand for the third year. Similarly, we choose 0.5 times
the minimum lead time demand observed in the first two years as our predicted

minimum lead time demand for the third year.

2.A.8 Analysis of ConGA and LES at ASML

We use a color spectrum from red to yellow to denote RO solutions with B
ranging from 0.85 to 0.99, and a spectrum from blue to green for SO solutions within
the same B°Y range. Black lines illustrate the efficient frontier for SO-Greedy.

We begin by examining the performance of RO models using RO-box and RO-
ext. Figure 2.13 (a) demonstrates that for RO-ext, the cost-efficiency trends remain
similar across different sub-datasets. However, total computational times vary
notably. As shown in Table 2.6, the time required for 5, 10, and 15 sub-datasets
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Table 2.6: Computational time (s) for different methods.

‘Bobj
Method
0.85 0.90 0.95 0.99

RO-box 0.054 0.059 0.058 0.054
RO-ext, 5 sub-datasets  190.390 200.622 208.604  0.007
RO-ext, 10 sub-datasets  19.598 20481  16.337  0.001
RO-ext, 15 sub-datasets  7.190 6.157 2.258 0.010
SO-Greedy 20.943  23.554 25.643 31.988

are around 200, 20, and 8 seconds, except for when /SObj = 0.99. When [SObj =
0.99, implying that most demand should be satisfied from stock, RO-ext and RO-
box solutions coincide. However, for ,BObj < 0.95, RO-ext solutions demonstrate
markedly superior cost-efficiency than RO-box. We notice that the simulated fill
rate cannot exceed the value of 0.95, even when we consider g% > 0.95. This
discrepancy is predominantly attributed to an unexpected surge in demand for
certain SKUs in our dataset during the third year. This surge, which is even more
than tenfold in the third year compared to the first two years, creates a challenge

for further improvement beyond a 91.6% simulated fill rate.

Figure 2.13 (b) shows SO and RO model solutions at various [SObj levels. RO
solutions clearly outperform SO solutions in terms of cost-efficiency. For instance,
at g% = 0.95, the RO-ext solution achieves approximately 10.4% savings in holding
costs per time unit compared to SO-Greedy while maintaining the same simulated
fill rate. Moreover, SO-Greedy solutions show a considerable gap between g°% and
simulated fill rates. When ﬁObj = 0.99, the simulated fill rate only reaches 82%.
Additionally, SO-Greedy solutions require a longer computation time than the RO-
box and the RO-ext for 10 and 15 sub-datasets.

2.A.9 Analysis of Hybrid Method at ASML

To evaluate the performance of the hybrid approach, we examine 7 € {4,6,8,10,12,14}

for p°% € {0.85,0.90,0.95}.

Figure 2.14 illustrates the efficient frontiers of solutions obtained by the hybrid
method. The grey lines represent the efficient frontiers for RO-ext with five sub-
datasets and RO-box with a single dataset. Red squares and green triangles mark
the solutions for RO-box and RO-ext, respectively, at the corresponding 8° values.
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Pink circles denote the hybrid method solutions for different 7.

The hybrid method produces solutions that lie between those of RO-box and RO-
ext in most cases. As T increases, the hybrid solutions move closer to the RO-box
solution. For T < 8, the solutions are closer to the RO-ext, suggesting that it can
capture most of the cost-efficiency benefits of RO-ext. We examine the computation
times of the hybrid method for different 8°% and T, as presented in Table 2.7. As
T increases, computation time decreases dramatically, approaching the efficiency
of the box uncertainty set. Even for smaller 7, computation times are reduced
compared to the full RO-ext implementation while maintaining solution quality
close to RO-ext.

Table 2.7: Computational time (s) for different [SObj and T

T

ﬁobj

4 6 8 10 12 14

0.85 9.310 0.936 0.228 0.063 0.000 0.000
0.90 9.861 0.956 0.263 0.063 0.000 0.000
0.95 12231 1.701 0.349 0.088 0.004 0.000

This case study demonstrates that by implementing our robust spare parts inven-
tory solution for the new generation of machines, ASML can achieve the target fill
rate more efficiently and cost-effectively than the currently employed SO-greedy
approach. While obtaining robust solutions for large datasets initially required
decomposition into smaller sub-datasets due to memory constraints, the hybrid
method eliminates this need while maintaining high-quality robust solutions. This
method proves particularly valuable for large-scale inventory problems where the
full implementation of the RO-ext may be computationally prohibitive while still
capturing much of its cost-efficiency benefits.
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Figure 2.9: Mean (marker point) and standard deviation (shaded range) of the
computation time (a), the relative difference in total cost to ConGA 5 (b), and the
mean MAPE values of stock levels to the lower bound (c) considering the extended
budget uncertainty set.

Note: In (a), some solutions have negligible time variance. IPDO and ConGA 5
terminate at n > 70 and n > 78, respectively, due to memory issues. In (c), the
calculation of MAPE values for different layers of ConGA stops at different n due
to the memory issues of obtaining the exact solution using Gurobi.
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Chapter 3

Robust spare parts inventory control
with emergency shipments

In this chapter, we study the spare parts inventory control problem under high demand
uncertainty, particularly during the new product introduction (NPI) stage when historical
demand data is scarce. To mitigate stockouts and achieve a low target waiting time, we
satisfy unfulfilled demand through emergency shipments.

We formulate a multi-item spare parts inventory control problem as an ARO model. To
ensure computational tractability, we reformulate the ARO model as a deterministic coun-
terpart and prove that it can be approximated by decomposing it into two mixed-integer
optimization problems. We then develop an efficient algorithm to obtain near-optimal
solutions for large-scale problems with thousands of items. When limited demand data
is available, we propose an approach that incorporates initial failure rate estimates from
engineers into the uncertainty set construction, which enhances the model’s performance in
the NPI stage.

We demonstrate the practical value of our model through a comprehensive case study at
ASML. The case study shows that our model achieves a simulated mean waiting time up to
3.5 hours shorter than the state-of-the-art stochastic optimization model employed at ASML
at the same simulated total cost, potentially saving over €250,000 in lost production per
breakdown of an expensive lithography system. The sensitivity analysis shows the ARO
model’s strong adaptability to variations in key parameters of the model. Our research
contributes to both the theoretical advancement of robust optimization techniques and their
practical application in spare parts inventory management, particularly for industries that
sell or use capital equipment.
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3.1. Introduction

Service providers of expensive equipment must maintain a sufficient spare parts in-
ventory to ensure high equipment availability while managing inventory costs effec-
tively. When stock is unavailable locally, providers often use emergency shipments
from other warehouses instead of waiting for regular replenishment, especially
when equipment downtime costs are high. The trade-off between inventory-related
costs and the urgency of spare parts availability through emergency shipments
forms the foundation of this chapter. We propose a robust optimization approach
for spare parts inventory control to incorporate emergency shipments.

Extending to emergency shipments introduces new modeling complexities beyond
the problem we considered in Chapter 2. We now need to consider not only
the trade-off between holding costs and service levels but also the cost and time
implications of emergency shipments across multiple components. This requires
careful consideration of how emergency shipment decisions interact with base stock
levels and target service requirements.

Our research makes several contributions to both theory and practice. We develop
the first robust optimization model for spare parts inventory management with
emergency shipments. We introduce an efficient decomposition method that makes
the model computationally tractable for large-scale industrial applications. We
propose a method for incorporating engineering knowledge into uncertainty set
construction when historical data is limited. The practical value of these innovations
is validated through a comprehensive ASML case study that shows significant
improvements in both service levels and cost efficiency compared to current state-
of-the-art approaches.

The remainder of this chapter is organized as follows. Section 3.2 formulates the
spare parts inventory control problem with emergency shipments and develops our
adaptive robust optimization model. Section 3.3 develops our solution methodol-
ogy for a conservative formulation of the ARO problem, introducing decomposi-
tion techniques and algorithms. Section 3.4 extends to solve a less conservative
formulation that considers dependencies between SKUs. Section 3.5 discusses the
construction of uncertainty sets that incorporate both historical data and engi-
neering estimates. Section 3.6 demonstrates the practical application through a
comprehensive ASML case study. Finally, Section 3.7 concludes with a summary of
the findings.
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3.2. Problem Description

Consider a single warehouse stocking spare parts for various types of critical com-
ponents. These components are known as Stock Keeping Units (SKUs) and are
represented by the set Z = {1, ..., n}, where n is the number of SKUs. If component
i fails, it is immediately sent for repair, and it is added to the inventory in an as-
good-as-new condition after a fixed repair lead time (> 0). It is important to note
that the model also applies if spare parts are non-repairable, i.e., consumables. In
this case, a defective part is discarded, and a new part is procured. Consequently,
the repair lead time is substituted by the order-and-ship time of new parts.

Due to the long repair lead times experienced by companies selling expensive
equipment, we assume that any demand that cannot be fulfilled immediately is
lost from the normal replenishment system of the local warehouse. As a result,
such unsatisfied demand is satisfied by emergency shipments sourced from other

warehouses.

We consider a continuous review base stock policy for SKU i € Z with base stock
level S;(> 0). The fill rate B;(> 0) indicates the fraction of demand that is immedi-
ately satisfied from stock, and its calculation depends on the demand assumptions
used in the model, so we come back to it in Sections 3.2.1 - 3.2.3. If no stock is
available, the unsatisfied demand of SKU i is satisfied by an emergency shipment,
which has a cost of c{™(> 0) and takes a fixed amount of time ™ (> 0). We
denote the inventory holding cost per time unit per part of SKU i as cl'(> 0).
To avoid long downtime, the aggregate mean waiting time should not exceed a
target service level WoP. We discuss the mathematical formulations under different

demand assumptions in the next sections.

3.2.1 Deterministic Model

We propose a mixed-integer linear optimization model for the deterministic case,
where the demand during lead time {; € INg for SKU i € 7 is deterministic. In this
model, S; is the main decision variable, while p; serves as an auxiliary variable due
to its dependence on S; and ;. The optimal inventory policy can be obtained by
solving Problem (3.1):

. 1
min Y (c'S; + 2 Gi(1— Bi)cs™) (3-12)
SﬁeNﬂg ieZ t
1‘6

sit. BiC;i <S;, VielZ, (3.1b)
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Yo (1= Bt < WP Y g, (3.10)
i€l i€l
0<pi <1, VieT. (3.1d)

The objective function (3.1a) aims to minimize the total cost per time unit, where
the first term is the total holding cost per time unit, and the second is the total
emergency shipment cost per time unit. Notice that the term % scales the emergency
shipment cost during the lead time into a cost per time unit. Constraint (3.1b) states
that the stock level S; should exceed the quantity of demand satisfied from the stock
during the lead time for SKU i. Constraint (3.1c) ensures that the aggregate mean
waiting time remains below the target service level. Constraint (3.1d) specifies the
allowed range for the item fill rate.

3.2.2 Stochastic Optimization Model

The stochastic optimization (SO) model is a state-of-the-art model for spare parts
inventory control. This model is detailed by Van Houtum and Kranenburg (2015,
p- 40). The SO model assumes that the demand per lead time follows a Poisson
process with a constant rate of m;(> 0) per time unit. The dynamics of spare parts
in repair for SKU i are captured through an M|G|c|c queue in an infinite horizon,
ie., an Erlang loss system, where c = S; represents parallel servers, m; represents
the arrival rate, and t represents the lead time. With these assumptions, the fill rate
for SKU i can be calculated using the Erlang loss function:

1 S
gr(m;t)>
Bi(S) =1— ——"~ (3-2)
Lo 4 (mit)]

We denote the total demand rate for all SKUs by M = ) ;.7 m;. To find the optimal
stock level, we solve Problem (3.3):

min Z C?S,‘ +m;(1— ‘B,'(Sj))C?m (3-32)
SeNg icT
s )
st ) (L= BilS))K™ < W, (3:3b)
ieT

In practice, the calculated fill rate becomes less reliable when demand rates are
uncertain, especially during new product introductions. When the actual demand
pattern deviates from the assumed Poisson distribution, the fill rate calculation in
Equation (3.2) no longer accurately reflects the system’s behavior. Additionally,
since Equation (3.2) is based on the steady state of an infinite horizon, it may not be
directly applicable to finite horizon settings.
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3.2.3 Adaptive Robust Optimization Models

Adaptive Robust Optimization (ARO) assumes that the uncertain demand vector
T = [Ci];c7 lies within a set D C INjj, which encapsulates all possible realizations of
the demand vector. The decision-making process takes place in two stages. In the
first stage, we decide on the stock level S; for each SKU i € Z, which are here-and-
now variables. The auxiliary variable §; depends on the actual demand { during
the lead time f, hence a wait-and-see variable, which is decided in the second stage.
Unlike the deterministic and stochastic models where emergency shipment costs
per time unit are explicit functions of S; and B; (or S; alone), in ARO models,
these costs depend on the uncertain demand vector {. Therefore, we introduce the
auxiliary variables 77;({) to represent the emergency shipment cost per time unit for
each SKU i, and 7 to represent the total worst-case emergency shipment cost per

time unit across all SKUSs.

Now, we introduce Problem (3.4), which considers the dependency of emergency

shipment costs across SKUs:

;21}\% Z;I(c?si +1) (3-42)
BiR"—R
7ER"
st (- BD)E™ < () VieL{eD,  (34b)

Y (@) <, V{eD, (3-40)
i€l
Bi(0)Ci < Si, VieI,[ €D, (3.4d)
Y (1= BiD)Git™ < WP Y g, VC € D, (3.4€)
i€l ieZ
0<B:i(0) <1, VieZ,{eD, (3.4f)
1i(0) >0, Viel. (3-48)

In this formulation, constraint (3.4c) ensures that the sum of individual emergency
shipment costs per time unit does not exceed 77, which moves the uncertainty from
the objective function to a constraint (Bertsimas and den Hertog, 2022, p. 26). Con-
straint (3.4d) establishes the relationship between S; and B;({), which guarantees
that the actual fill rate per lead time is at least B;({) considering the worst-case

demand.

To make Problem (3.4) more tractable, we approximate it with a more conservative
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formulation given by Problem (3.5), where we consider the worst-case emergency
shipment cost for each SKU independently:

. h . .
Srg]%\r% iezz(ci S+ 1) (3-5a)
ﬁiZIRn*)IR
11€]R"
1
st SG(1=Bi@)ei™ < i VieZ,{eD, (3.5b)
Bi(§)gi < S;, VieZ, €D, (3-5¢)
Y (1 =Bi@)5t™ < W Y g, V7 €D, (3.5d)
i€l i€l
0<Bi(0) <1, VieZ,{eD, (3.5¢)
i >0, Viel. (3.5f)

Problem (3.5) is more conservative than Problem (3.4) due to the way it aggregates
worst-case emergency shipment costs per time unit. In Problem (3.4), 77 represents
the worst-case total emergency shipment cost per time unit across all SKUs for a
single scenario §{ € D, i.e., 1 = maxzep L7 1i(§)- In contrast, Problem (3.5) enforces
11i = maxzep 11;(§) for each SKU i, and the objective sums these individual worst-
case emergency shipment costs per time unit. Mathematically, }";c7 maxzep #7;() >
maxzep Yiez 7i(§), which means Problem (3.5) overestimates the true worst-case
total emergency shipment cost per time unit. For example, if D contains two
scenarios where 771 = 10,1 = 5 and 11 = 5,%2 = 10, Problem (3.4) yields 1 = 15
(the maximum total across scenarios), while Problem (3.5) yields n; + 7, = 20
(the sum of individual maxima). Thus, Problem (3.5) protects against unrealistic
scenarios where all SKUs simultaneously face their worst-case emergency shipment
costs per time unit.

Problem (3.5) provides a highly robust solution. It is particularly suitable for
contexts where the consequences of stockouts are severe, such as in critical indus-
tries like healthcare or defense, where the availability of spare parts is crucial for
maintaining operational continuity. Moreover, we use Problem (3.5) in Section 3.4
as part of our solution method for Problem (3.4).

Remark 3.1 If t¢" are equal for any i € Z, i.e., t{" = t"", Constraint (3.5d) is equivalent
to

Y Bi()Zi =B Y.L, VIeD,

i€l i€l
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where BV = 1 — Vt‘{—f:] This equivalence implies that the aggregate waiting time con-
straints are convertible to aggregate fill rate constraints. Therefore, we can calculate waiting
times using predetermined fill rates and vice versa. This simplification is practical because
companies selling expensive equipment often use a standard value for t" for all SKUs in
emergency logistics. Additionally, this simplification allows managers to focus on achieving
predetermined fill rates, which are often more intuitive and easier to communicate within an
organization. By ensuring that the fill rate meets the target WY, the organization can be
confident that its waiting times are also under control. This equivalence is also seen in the
stochastic model discussed by Van Houtum and Kranenburg (2015, p. 54).

3.3. Solution method for Problem (3.5)

The deterministic Problem (3.1) is a mixed-integer linear optimization problem
that can be solved using off-the-shelf solvers. For the SO Problem (3.3), a greedy
algorithm is commonly used in spare parts inventory control literature (Sherbrooke,
2006; Van Houtum and Kranenburg, 2015, Chap. 2; Basten and van Houtum, 2023).
In this section, we focus on solving the ARO Problem (3.5), which is computation-
ally challenging.

In Section 3.3.1, we reformulate the ARO problem into a deterministic counterpart,
which is a mixed integer linear optimization problem (MILP) with an exponential
number of constraints. To deal with the computational complexity of the problem,
we show that the reformulation can be decomposed into two smaller MILPs, one
of which can be solved analytically. This decomposition helps reduce the computa-
tional complexity drastically. Finally, we develop an algorithm in Section 3.3.2.

Let us first reformulate Problem (3.5) into a fixed-recourse ARO problem, where
the uncertain parameter is not multiplied by a wait-and-see variable. For a given
i € 7 and a vector { € D, we define €;({) := B;({){;, which can be interpreted as
the demand quantity during the lead time being immediately satisfied from stock.
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Now, Problem (3.5) can be reformulated as:

. h
hg. | 5.
min ;(C, i 1)
SiZ]Rn%IR
neR"
t
st. Ci—ei(l) < Cgir;’
1
€(0) <S;,
Y (Gi—e(Q))Em < WYz,
i€l i€l
0 S Gi(g) S gi/
ni >0,

VieZ, [ eD,

VieZ, [ eD,
V¢ € D,

VieZ €D,
Viel.

(3-6)

In Section 3.3.1, we explain how to reformulate Problem (3.6) into different prob-

lems, helping us solve it efficiently.

3.3.1 Equivalent Reformulations

To solve Problem (3.6), we first show how we can reduce the number of wait-and-see

variables in Theorem 3.1.

Theorem 3.1 Given k € T, let T"*1 = {n — k4 1,...,n}. Problem (3.6) is equivalent

to Problem (3.7):

: h
min Z(Ci S +1i)
SeNg icT
erR'F R
neR”

t .
st. §;>(i— %
G

e i
Gi el(g) < Cfm/
€i(0) <Si,

n—k

(G —e@)Em + ) (g — St

icn

Il
-

.n
<WUy g,
i=1

1

Vier" M1l reDp,
VieZI\I" ", eD,

VieI\I" "1, eD,

V{ € D,a C I" k1,

VieI\I" 1,1 eD,
VieT.

(3-7)
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The proof has the same line of reasoning as for Theorem 1 in Chapter 2, so we
postpone it to Appendix 3.A.1. Based on this theorem, we can reduce the number
of wait-and-see variables in Problem (3.6). By setting k = 7 in this theorem, we can

eliminate all the wait-and-see variables, hence the following corollary.

Corollary 3.1 Problem (3.6) is equivalent to Problem (3.8):

min Z(cf’si + 1) (3.8a)
§eNg i€l
neR"
t .
st S >0 — Cel,; VicZ,[ €D,  (3.8b)

1

. n
YS! > Y " - WY G, VieDaCTa#D, (380
i=1

icn ica
i 20, Viel. (3.8d)
Proof. Use Theorem 3.1 and setting k = n. 0

In Problem (3.8), as the number of SKUs increases, the number of constraints grows
exponentially. This creates computational difficulties for larger instances. Therefore,
we show for Problem (3.8) how to efficiently identify the optimal stock levels.
Intuitively, if for an SKU i € Z, S; > ;, there should no longer be an emergency
shipment cost, and any increase in S; incurs an additional holding cost but does
not contribute to the decrease in W, In other words, intuitively, we know that

S; € 0,;] for any SKU i € Z. In the next lemma, we formally prove this statement.

Lemma 3.1 For Problem (3.8), S¥ € [0,¢;|, for any i € Z.

Proof. Let (S*,4*) = (S},..., S}, 17, ..., 1) be an optimal solution with an objective
value obj*. By contradiction, let us assume that there exists j € Z, where S]* > Z]-,
which implies S].* > Z] + 1. Now, we construct a new feasible solution:

i Sroifi#], nroifi# j,
g ifi=j, 0 ifi=j.

We check the feasibility of this solution. Constraints (3.8b) and (3.8d) of Problem
(3.8) are clearly satisfied. For an arbitrary subset « C Z, if j ¢ «, Constraint (3.8c)
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holds. If j € a, and @ # a\{j}, from feasibility of (S*,#*) we have:

2 SFE™ > max { Z gits™ — wobi i Q} .
i=1

i {j) P Lieatli)
So, by adding {;t*™ to both sides, we have

. n
Geme Y st > @femﬂg;%{ 3 atfm—w“]m}
i=1

ica\{j} ica\{j}

. n
= maxgt +max{ ) Cz’f‘?m—WOb]ZCi}

¢eP | iea\(j} =1

v

n
pem qem Wobj .
rgng{éj + Y ;Q}

ica\{j}

len

— em ob,
- g gom e fa)

Thus, the following holds:

n
L Siti™ > max {Zéiffm Wy ¢ }

i€u ica i=1
which implies Constraint (3.8c) also holds. Therefore, (S, ) is feasible. The objective
function value of this solution is:
Y hS; + 17 = obj* — c]h(S; —{j) —nf < obj*,
i€l
which contradicts the optimality of (§*,#*). Therefore, we deduce that S]-* < {j for
any jeZ. i

Lemma 3.1 shows the upper bounds on optimal stock levels. We now further
characterize the solution by examining the trade-off between holding costs and
emergency shipment costs per time unit. Let us define 7; as
Ti={ieT|gm>d}.

By definition, 7 is the set of cheap SKUs whose holding costs during the lead time
are lower than the unit emergency shipment cost. From a practical perspective,
maintaining a large inventory for inexpensive SKUs, ie., SKUs i € 1, offers a
financial advantage. Since holding stock is inexpensive, the practitioners consider

the most conservative stock levels to buffer against demand uncertainty for these
SKUs.
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For a given i € Z, let {; denote the maximum value of {; over all { € D, that
is, {; = maxgep {;, Vi € I. The following theorem proves that maintaining a large
inventory is optimal for inexpensive SKUs.

Theorem 3.2 For any optimal solution (S*,n*) = (S%,...,S;,15,...,1;;) of Problem
(3.8), we have St = T; for any i € I.

Proof. Let (S*,4*) = (S3,..., S5, 17, -- -, 1) be an optimal solution with an objective
value obj*. We emphasize that since D C N#, we know { € N/. From Lemma 3.1,
we know that ¥ < Z; for all i € Z. For contradiction, let us assume that there exists
j € I; where S}* < Cj, which implies Sj* < Z] — 1. Since the solution is feasible,
Constraint (3.8b) holds, implying that 17]»* > ? Now, we construct another feasible
solution (S, 7f), where

- S¥ ifi # 7, B nr ifi #7,
5= o T= , e
Sj—b—l ifi =j, n = ifi =j.
This solution is feasible for Problem (3.8) since (S*,#*) is feasible. The value of the

objective function becomes:
™
) (RS, +177;) = obj* + c? - ]T < obj*,
i€
where the inequality holds because j € Z;. This contradicts the optimality of
(8*,*). Hence, we conclude that for any i € Z;, Sf > ;, and hence 1} = 0.

Therefore, we deduce that S}‘ = (j forany j € 7. O

Theorem 3.2 asserts that for the cheap SKUs, we need to stock up regardless of
WObi. Therefore, we can add Constraint (3.9b) to Problem (3.8), which implies that
Problem (3.8) is equivalent to Problem (3.9).

min Z(C?Si +1;) (3.92)
SN0 ez
yERN
st. S, =10, Vi€ 1, (3-9b)
tn; .
8> Ci— -k, VieT,[eD,  (3.90

1

) n
Y s> Y gt — WP Y ¢, VaCZa#Q,L€D, (3.9d)
i=1

icn icn
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i 20, Viel. (3.9e)

Remark 3.2 (Worst-case assortment scenario) If ¢ > cl't for all i € I, the optimal
solution for Problem (3.9) is S; = {;, 7; = 0 for all i € Z. Consequently, Constraints (3.9c)
and (3.9d) are redundant.

The advantage of Theorem 3.2 is that we can reduce the number of variables, but
we still have an exponential number of constraints on # due to Constraint (3.9d), if
there exists even one SKU with ¢f™ < clht. Let us consider SKU in 75, i.e., I, = Z\Z;.
From Remark 3.2, we know the optimal stock levels if 7, = @. So, from now on,
we assume Zp # . We are interested in identifying how the stock levels of cheap
SKUs (i € Z7) influence the stock levels of expensive SKUs (i € 7). The following
theorem shows that these two sets are fully independent despite their stock levels
being intertwined via Constraint (3.9d).

Lemma 3.2 The optimal solution for any SKU i € I in Problem (3.9) can be obtained by
solving Problem (3.10):

min )’ (cSi +m;) (3.10a)

SE]N(‘)IZ‘ iel,

tyEIR‘IQ‘

st. S5;>C — %, Viel,, T eD, (3.10b)
i

Z Sltfm > Zgltfm - Wobj Z éi/ Va C IZ/“ ;é ®rg €D, (3'10C)
icw ica i€l
17 >0, Vi € 1. (3.10d)

Proof. According to Theorem 3.2, for any optimal solution (S*,#*), we have S* = ;
and 7 = 0 for all i € Z;. So, we only need to show that Constraint (3.9d) is
redundant if « N7y # @. We know Constraint (3.9d) is redundant if « C 7; since
SF = i for any i € Z;. So, let « C T such that « NZ; # @ and a NZp # @. From
Constraint (3.9d) we have:

Yo sitem > Y g — Wbl i@i, Vi €D,

icn icu i=1

which is equivalent to

n
YOSt ) s> ) oM+ ) M -WY G, VIED,
i=1

ieanZy ieanZ, ieanZy iceanZ,



Solution method for Problem (3.5) 77

e Y o™+ Y osigm> Y gt Y gt — wobJZgl, V7 €D,

ieanZy icanZy ieanZy icanIy
& ) Sitf™ > max { Yo (G—T)E™+ ) g™ — Wobj Z §1} )
ieanZy {eb ieaNZy icanIy i=1

Given that Y ;e ,nz, (§i — £i)1$™ < 0, for any { € D, we obtain:

max{ Z giti™ — WOb]Eé}

’eD

iceanIy
{eD iceanZy icanIy

By defining a’ = « N7, and denoting b,y = maxzep {Ziew its™ — Wby éz}
we then obtain:

Y Site™ > by > max{ Y, (@G- + Y g™ —wWeY Zg }

ica’ feD ieanZy icanIy
This implies that for any a« C Z, where a NZ; # @ and a N7, # @, Constraint
(3.9d) is redundant. O

Lemma 3.2 shows that the optimal stock levels for SKUs i € Z, can be determined
independently of SKUs in Z;, which allows us to reduce the computational com-
plexity drastically. In Appendix 3.A.2, we provide an illustrative example to further
illustrate the results of Theorem 3.2 and Lemma 3.2.

From now on, we focus on finding characteristics of Problem (3.10) that can help us

solve it more efficiently. From Problem (3.10), we know that 7 = max{O (é’ 5i) }
for any i € 7. Due to Lemma 3.1, we see that 5; < ; for any i € Zp. Therefore,
we have 77/ = w By substituting this expression for 7 into the objective
function of Problem (3.10), the optimal stock level of SKU i for any i € 7, can be

achieved by solving:
Cem
min ) (P - )S + ar gl (3.112)
seN? ieT,

st Y Stm > W Y 4 Y o™, VaC Ta £Q,L€D.  (3.11b)

icw i€l icw
The size of set Z, determines the tractability of Problem (3.11). For small Z,, one can
solve Problem (3.11) to optimality using off-the-shelf solvers, such as Gurobi. How-
ever, for large 7, Problem (3.11) remains challenging due to Constraints (3.11b). To
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address this, we introduce approximation approaches in Section 3.3.2 that provide
near-optimal solutions with reduced complexity.

3.3.2 Approximation Method

Let us focus on determining the stock levels for SKUs in 75, as Theorem 3.2 provides
the optimal stock levels for SKUs in 7;. Leveraging the structure of the optimal
policy for Problem (3.11) for SKUs in Z, and inspired by the algorithms proposed in
Chapter 2, we design an algorithm to find approximate solutions when |Z;| is large.
More specifically, we show how we can use a prepossessing step to significantly
improve the efficiency of the algorithm. We then propose a fast heuristic based on
the algorithm.

Let 6; := (c¥1 - C’T) /5™, for any i € Z,. To get an intuition, let us consider two

cases.

em
* Case 1: SKUs with the same #{™, but different C? — CZT In this case, a larger 6;
indicates a higher cost of holding stock than performing an emergency ship-
ment, which means that using emergency shipments is more cost-efficient.

e Case 2: SKUs with the same c? — g, but different ;™. In this case, the SKU
with a smaller #f™ (and thus larger 6;) poses less stockout risk when using
emergency shipments compared to an SKU with a larger #™, which means

that emergency shipments are more favorable than holding stock.

Summarizing, a larger 6 can be interpreted as more favoring emergency shipments.

Our algorithm starts by ordering the SKUs such that 8; > 6, > - -- > 0,,, where m =
|Iz|. For simplicity, let us denote the right-hand side of Constraint (3.11b) as by, i.e.,
by 1= maxgep {_Wobi Yiez, Gi + Yiea §itl‘?m}. Leveraging the constraints outlined
in Equation (3.11b), we introduce a preprocessing step to enhance the efficiency of
the algorithm. We know from Lemma 3.1 that S; < g;, for any i € 7. So, in the

. by; . . by; .
prepocessing step, we calculate [tsﬂﬂ Since we have the constraint S; > | t;iri 1, if

_ by by
i = [te{—fﬂ, we know that §7 = | tér’r}\ 1. It is worth noting that the number of SKUs

P bgn . Lo . . .
satisfying {; = (té—,ﬂ is intrinsically linked to how the uncertainty set is constructed.
We delve deeper into this aspect in Section 3.5.

For the remaining SKUs whose stock levels are not determined in the preprocessing
step, we proceed as follows. For SKU 1, we consider the lowest possible stock level,
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which is fﬁ%}n}] We then go to SKU 2 and have two lower bounds: S, > f%—fﬂ

b —51t5™
and S, > [{M}tgimll] So, the stock level of SKU 2 is the maximum of these two
bounds. We continue this process until we have the stock levels for all m SKUs in
L.

Algorithm ISP An algorithm to solve Problem (3.11) including preprocessing.

1 0= (ch — &7 /pem
2: Sort SKUs i € 7 according to the descending order of 6;

K= {ke {1, m}| T [0}

3

4 fork=1,..,m

50 ifke Preprocessing
6: Sk = Cx

7: =0

8 else

o: O ={aC{1l,.,.k}\K:a£AD,kca}

10: Sk = max{max,xegk {[(ba - Ziea\{k} Sit?m)/tim—l },0}
11: Mk == max{c$™ (g — Sx),0}

12: endfor

13: Output: S,z

The pseudocode of the algorithm, called Iterative Stocking including Preprocessing
(ISP), is provided in Algorithm ISP. In Appendix 3.A.3, we show that ISP provides

an optimal solution to Problem (3.11) under some conditions.

Algorithm ConGAP An algorithm to solve Problem (3.11) with j(< m) layers.

1 0= (C? — g)/t?m
2: Sort SKUs i € Z; according to the descending order of 6;

3 Ki={ke {1, m}| T = 81}

4 fork=1,..,m

5 ifke Preprocessing
6: Si =10

7: M= 0

8  else

9: Qp:={aC{l,.,k}:a#Dkecala <j}

10: Sk = max{maxsen, {[(ba — Lica\ (k) Siti™)/ti™ [}, 0}

11: 1k := max{c§™ (g — Sx), 0}
12: endfor
13: Output: S,z

To further improve computational efficiency, we leverage the concept of ConGA,
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introduced in Chapter 2, to find a heuristic solution for SKU k ¢ K (steps 8 to 11 of
ISP). We refer to this enhanced approach as ConGA including Preprocessing (Con-
GAP), which can achieve near-optimal solutions based on the results of Chapter
2. The pseudocode of the ConGAP algorithm is given above. For a given value
j < m (which we call the layer of ConGAP), we consider Z{Zl (]) constraints of
Problem (3.11) and restrict ourselves to « C Z, with at most j members. When
j = m, ConGAP and ISP coincide.

3.4. Solution method for Problem (3.4)

In this section, we propose an algorithm to solve the ARO Problem (3.4). We first

reformulate Problem (3.4) into a fixed-recourse ARO problem:

. he.
min IEZZ(% Si+1) (3.12a)
GiS]RnA)]R
neR”
st. g—e(l) < t’z(rf) VieI,[ €D, (3.12b)
Y oni@) <, VT € D, (3.12¢)
icT
() <8, VieZ,[ €D, (3.12d)
Y (Ci—e(@)Em < W Y, V{ €D, (3.12e)
i€l i€l
0<¢€(0) <, VieZ, €D, (3.12f)
1:(C) >0, VieZ,L eD. (3.128)

After eliminating all wait-and-see variables, we have the following theorem:

Theorem 3.3 Problem (3.12) is equivalent to Problem (3.13):

min Z(C?Si +17) (3.13a)
SENG ez
neR"
"
st Y A-i-s) <, W eDaCT,a#0,  (313b)
icn
.n
Yositm >N gt — WY ¢, Y{eD,alTa#tQ, (3.13¢)
icw ica i=1

n > 0. (3.13d)
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Proof. See Appendix 3.A.4. 0

To solve this problem efficiently, we develop a preprocessing approach consisting
of two key steps. In the first step, we establish bounds on optimal stock levels by
calculating a lower bound from the lost sales Problem (2.2) in Chapter 2 and an
upper bound from the conservative Problem (3.5). For SKUs where these bounds
coincide, we can directly determine their near-optimal stock levels without further
computation. In the second step, for the remaining SKUs, we employ existing
approximation methods, including the static approximation approach and the affine
decision rule approach, to determine near-optimal solutions.

This preprocessing approach has shown remarkable effectiveness in practice. In a
case study with ASML, we determine near-optimal stock levels for 2,345 SKUs out
of 2,428 SKUs through the first step alone. Only 83 SKUs required further calcu-
lations using the approximation methods, drastically reducing the computational
burden of the original problem.

Given that Problems (3.5) and (3.4) yield identical solutions for about 97% of the
SKUs, and solving Problem (3.5) provides sufficient insight while being computa-
tionally more tractable, we conduct our detailed case study in Section 3.6 using only
Problem (3.5).

3.5. Uncertainty Sets

We first recall two types of uncertainty sets that are typically considered in the
literature for this type of problem: the box and budget uncertainty sets (see, e.g.,
Bertsimas and Thiele, 2006; Ardestani-Jaafari and Delage, 2016; Lim and Wang,
2017), which we jointly refer to as the classical uncertainty sets. Then, we explain
how to incorporate the initial failure rate estimated by reliability engineers into con-
structing the uncertainty set, particularly when historical demand data is limited.
Letd, de N}, and[, T € N3 !, such thatd < d,and I <T.

3.5.1 Classical Uncertainty sets

Box uncertainty set: We use the box uncertainty set if the only knowledge about
{;is that d; < ; < d;, for any i € Z. Here, d; and d; denote the iy, components of
d and d, respectively. The main assumption behind the box uncertainty set is the
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independence of the demands of different SKUs. We can write the uncertainty set
as:
D ={{ e N§:d; <3 <d;, Vie I}

Price-based budget uncertainty set: In practice, it is highly unlikely that all SKUs
experience their highest or lowest demand simultaneously, resulting in the corner
points of a box uncertainty set being highly unlikely. Therefore, similar to the
approach taken in Bertsimas and Sim (2004), we avoid these points by cutting them

out in a budget uncertainty set.

Since companies usually need to handle thousands of SKUs, it is critical to en-
sure computational efficiency when adding cuts. Typically, SKUs falling under
category Z; account for a high proportion of total demand and are identified by
their low holding cost. Although SKUs in Z, represent only a small proportion
of total demand, they have significant holding costs that can greatly affect total
expenditures. Therefore, in the price-based budget uncertainty set, we only exclude
extreme demand scenarios for SKU i € Z, by considering the following uncertainty
set:
DM = {{eNi:d, < <d,Vie, T, <Y (i <TyVaCDa+}
[AST13

Here, for any i € 7, we have [(; = d;, T{i} = d;. So, Dbud C DPoX_ The values of T
are determined based on correlations between SKU demands. We use the algorithm

presented in Appendix 2.A.6 to approximate b, containing expensive SKUs.

The idea behind the added cuts is to incorporate the well-known concept of fail-
ure interactions on multi-component systems (Murthy and Nguyen, 1985). The
price-based budget uncertainty set accounts for the interdependencies among the
demand behaviors of expensive SKUs while avoiding the computational complexity
of adding cuts for all SKUs as in Chapter 2.

3.5.2 Incorporating Initial Failure Rate (IFR)

The IFR is used to quantify the expected failure rate of spare parts when histor-
ical demand data is limited. It relies on the reliability engineer’s knowledge and
experience with similar machines. Bayesian methods have been used in reliability
engineering to update prior beliefs about failure rates with observed data (Hamada
et al., 2008; Liu and Abeyratne, 2019). Our approach is inspired by the Bayesian idea
of combining prior information (in this case, the IFR) with observed data (historical
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demand). However, instead of using the combined information to obtain a point
estimate of the expected demand rate based on assumed demand distributions, we
use it to construct uncertainty sets that provide bounds on the plausible values of
the demand rate without assuming any particular distribution. This distinguishes
our approach by focusing specifically on the construction of uncertainty sets for
spare parts demand when historical data is limited.

We propose a phased approach to incorporate the IFR into the construction of
uncertainty sets for spare parts demand. In the first phase, when no historical
demand data is available, we rely solely on the IFR to construct the uncertainty
set. As more historical demand data is accumulated in later phases, we gradually
reduce the weight given to the IFR. By incorporating the IFR in a phased manner,
our method provides a tailored solution for constructing uncertainty sets in spare
parts inventory management, starting at the NPI stage and continuing throughout
the product lifecycle.

The conservativeness of a solution is related to the calculation of d, d, I, and T.
We estimate d and d based on the use of historical demand data (HIS) and the
IFR, while T, T are estimated only based on the HIS. We show how these bounds
are calculated and how the HIS and IFR data are integrated in Section 3.6.2. The
IFR is typically overestimated for most SKUs in practice when few or no failures
are observed. Despite this, it remains practical to use the IFR for SKUs belonging
to Z; (considered inexpensive), as the overestimation has a limited impact on the
holding cost for these SKUs. However, the IFR overestimation substantially affects
the holding cost for SKUs belonging to Z, (considered expensive). To mitigate this
impact, the price-based budget uncertainty set implies a relatively low utilization
of the IFR, resulting in lower stock levels for SKUs in Z,. Our case study in Section
3.6 further illustrates the notable difference between using the box uncertainty set,
which does not mitigate the impact of IFR overestimation for expensive SKUs, and

the price-based budget uncertainty set.

3.6. ASML Case study

With this case study, we evaluate the efficacy of the ARO Problem in enhancing
spare parts inventory control at ASML, the world’s largest supplier of photolithog-
raphy systems for the semiconductor industry and the sole provider of extreme
ultraviolet (EUV) lithography machines (CNBC, 2022). As the most highly valued
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European tech company as of May 2024 (Companies Market Cap, 2024), ASML
must ensure a robust spare parts inventory to prevent costly downtimes in the
fabrication process for its customers, such as TSMC, Intel, and Samsung. Currently,
ASML uses a stochastic optimization (SO) approach for its spare parts inventory
control system. This approach applies Problem (3.3) by first assuming Poisson
demand processes, then estimating demand rates, and finally employing a greedy
algorithm to solve the problem. This SO model is state-of-the-art in the industry,
as discussed by Lamghari-Idrissi et al. (2022). However, the variability in demand
for SKUs, as indicated by the Coefficient of Variation (CV) analysis presented in
Section 1.1, suggests that the SO approach may not always be reliable during the
new product introduction (NPI) phase. Therefore, we compare the performance of
the RO method to ASML’s current SO approach.

The case study consists of five main parts. Section 3.6.1 discusses data preparation
and model setup. In Section 3.6.2, we show how the IFR estimated by reliability
engineers is used in the construction of uncertainty sets at ASML. In Section 3.6.3,
we compare the solutions obtained using the box uncertainty set (RO-box) against
the price-based budget uncertainty set (RO-bud) to determine the most suitable
uncertainty set for the RO model. In Section 3.6.4, we compare the solutions using
the RO model with the SO model, which is used at ASML. In Section 3.6.5, we
perform a sensitivity analysis on ™, c¢f™, and the exact method of incorporating
the IFR in the uncertainty set.

3.6.1 Data Preparation and Model Setup

We begin by filtering SKUs that do not have any historical demand or IFR data, as
there is nothing we can do if we have no data at all. This filtering process reduces
the total number of SKUs from 3,144 to 2,428. After filtering, we have a dataset of
2,428 SKUs covering the first three years of demand data for one type of machine at
ASML. Figure 1.1 (in Section 1.1) depicts the annual historical demand distribution
for these SKUs, which indicates that over 80% of the SKUs have an annual demand

quantity of three or fewer.

ASML standardizes the emergency logistics parameters for all SKUs shipped from
specific origins to specific destinations. To reflect a realistic range of parameters
while maintaining confidentiality, we use the following representative values. The
replenishment lead time ¢ is 60 days, the unit emergency shipment cost ¢{™ is 750
Euros, and the unit emergency shipment time ™ is 1 day for each SKU i € Z.
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The holding cost c!' per year is 18% of the price of a new spare part, denoted by
c? (> 0). As a result, approximately 93% of the SKUs belong to Z; (considered
cheap), while 7% belong to Z, (considered expensive). ASML typically aims for
high service performance (W < 0.1 days if £™ is 1).

To make the stocking decisions for SKUs, we consider the historical demand data
available over the first T quarters (where T > 2). We then evaluate the performance
of this decision based on the available data in quarters T + 1 and T 4 2. For example,
when T = 2, we use the available data from the first two quarters to create an
uncertainty set and determine the stock levels. We then evaluate the stock levels
based on the realized demand in quarters 3 and 4. As a result, we begin making
stock decisions from the third quarter onwards.

To obtain solutions for the RO model, we use ConGAP with 3 layers. ConGAP is
computationally efficient and can generate solutions for 2,428 SKUs in just a few
minutes. Notably, during the preprocessing step, we can find the optimal stock
level for around 30% of the SKUs in 7,. For the remaining SKUs in 7,, we apply
the subsequent steps of ConGAP. In addition to the robust optimization approach,
we consider the SO Problem (3.3) to capture the current method used in ASML and
apply the greedy algorithm (SO-Greedy) (Basten and Van Houtum, 2014) to solve
the SO Problem (3.3).

3.6.2 Incorporating IFR into Uncertainty Set Construction

Figure 3.1 shows how to incorporate the IFR and HIS for the point forecasts of the
demand rate at ASML. This approach is based on ASML’s current way of working
and uses two criteria: historical demand quantity and machine years. The latter is
defined as a number of machines using a specific SKU times the number of years
these machines have been in operation. The approach for each SKU starts with
IFR-based demand estimation when there is limited historical demand data in the
very early stages of the machine lifecycle. As the machines accumulate years in
operation and demand increases, the approach gradually increases the weight of
the historical demand. Therefore, we have an intermediate stage where IFR and
HIS are weighted equally and a final stage where demand estimation relies entirely
on HIS. The term IFR+Review refers to the periodic reassessment of the IFR as
operational experience increases. Over time, the approach increasingly relies on
HIS-based demand estimation.
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Figure 3.1: The IFR transition approach.

We adopt a similar approach to incorporate the IFR in our uncertainty set con-
struction. First, let IFR and IFR denote the lower and upper bounds of demand
estimated based on IFR. Similarly, let HIS and HIS denote the lower and upper
bounds of demand estimated based on historical demand data. We show how to
estimate demand using HIS in Appendix 3.A.5. We categorize SKUs into three main
groups when incorporating the IFR and HIS in the construction of the uncertainty
set.

¢ Category Full-IFR: The first category involves SKUs for which we only use
IFR. In this case study, we set d = [FR = 0.5 X IFR and d=1FR =15 x IFR
to ensure that the mean remains the same as IFR, which is the input to the
50O model. In Appendix 3.A.6, we perform sensitivity analysis, which shows
that varying IFR and IFR has a minimal effect on the performance of the RO
model when W is small, and that the RO approach consistently outperforms

the SO approach across the parameter ranges tested.

e Category MIX: The second category involves SKUs for which both IFR and
HIS are used. We calculate the upper and lower bounds on demand as follows:
d =50% x IFR 4+ 50% x HIS and d = 50% x IFR + 50% x HIS.

¢ Category Full-HIS: The last category involves SKUs for which we only use
HIS. In this case, we simply set d and d to HIS and HIS, respectively.

We set q= 1,§=23,49=6,a=050 and a = 100 for Figure 3.1. We derive these
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values from ASML’s expert opinion. Based on this, we find that when T € {2,4},
more than 90% of the SKUs are in Categories Full-IFR and MIX, i.e., relying on
the IFR to construct the uncertainty set. When T > 6, about 70% of the SKUs
are in Category Full-IFR, and the remaining are in Category Full-HIS. Because the
historical demand for SKUs in Category Full-IFR continues to be almost zero as the
machine ages, inventory planners typically assume that future demand is unlikely
as the SKUs proved reliable. Therefore, they set the IFR to zero and manually set a
minimal stock level for these SKUs to account for any unexpected future demands.
In our study, we set the minimal stock level to zero for these SKUs in both the RO
and SO models. This means that when T > 6, we only need to determine stock
levels for SKUs in Category Full-HIS, and stock levels for SKUs in Category Full-
IFR will be o in our experiments. We refer to Appendix 3.A.6 for more information
on evaluating the potential benefits of incorporating the IFR compared to relying
solely on the HIS for all SKUs.

3.6.3 Comparison of Uncertainty Sets

We evaluate the effectiveness of solutions obtained from the two classical uncer-
tainty sets that we discussed in Section 3.5.1: RO-box and RO-bud. We examine the
robust solutions for values of T € {2,4,6,8,10}. As companies like ASML aim for
high service performance, we set W° € {0.05,0.1} days to align with the goal of
Wobj < 0.1 days. However, we also include Wobj ¢ {0.15,0.2} to observe the impact
of higher waiting time targets on costs and performance.

Table 3.1 presents the realized performance metrics, including the simulated mean
waiting time for all demands and the total simulated costs. These metrics are
evaluated using the available data in quarters T 4+ 1 and T + 2 (test set) for both
RO-box and RO-bud, where T is the number of quarters used in the training set.
The simulated mean waiting times for RO-box mostly remain below W°, except
for T = 2 or when W = 0.05 days. For instance, when T = 4, the simulated
mean waiting time remains constant at 0.091 days for RO-box as W varies from
0.05 to 0.2 days. Compared with the RO-box, the RO-bud achieves slightly higher
simulated mean waiting times but offers substantial cost savings. For instance,
when T = 4, the simulated mean waiting time only slightly increases from 0.096
to 0.112 days for RO-bud as W varies from 0.05 to 0.2 days. This is because
the demand for SKUs i € 7, is a small fraction of the total demand, causing W°
to have little influence on the simulated mean waiting time for all demands. The
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Table 3.1: Comparison of simulated mean waiting time and simulated total cost
using the RO-box and RO-bud.

RO-box RO-bud
\IW
T 0.05 0.1 0.15 0.2 0.05 0.1 0.15 0.2

2 0.195 0.195 0.195 0.195 | 0.210 0.212 0.218 0.220
Simulated mean 4 0.091  0.091  0.091  0.091 | 0.096 0.100 0.104 0.112
waiting time | 6 |« 0.107 0.107 0.07 0.107 | 0108 0.110 0.116 0.125
(days) 8 0.064 0.064 0.064 0.064 | 0.065 0.068 0.070 0.073
10 0.035 0.035 0.035 0.035 | 0.035 0.037 0.040 0.044
2 35941 35615 34,977 34,623 | 5029 4,723 4,593 4,509
Simulated 4 41,989 41,682 40,994 40,614 | 7,682 6,641 5,788 5,445
total cost | 6 ¢ 6,924 6919 6914 6909 |5397 4337 3401 2,695
(x 1,000 Euros) 8 8350 8,345 8340 12,173 | 6,685 5,539 4,591 3,731
10 14,564 14,559 14,554 14,549 | 8877 6,608 5,388 4,164

Note: For T € {2,4}, most SKUs are in Categories Full-IFR and MIX. When T > 6, we only need to consider

SKUs in Category Full-HIS.

slight increase in simulated mean waiting time at T = 6 is due to extreme demand
for some SKUs, which the uncertainty sets based on historical demand data and
estimates can not capture. After incorporating this extreme demand at T = 6, the
uncertainty set is adjusted accordingly and can better prepare for potential worst-
case scenarios, resulting in shorter simulated mean waiting times for T > 6.

As mentioned at the end of Section 3.6.2, more than 9o% of the SKUs rely on the IFR
to construct the uncertainty set when T < 4. During this period, the simulated total
costs for the RO-box are quite high due to the overestimation of the IFR values for
most SKUs. In contrast, using RO-bud yields notably lower simulated total costs.
This cost reduction is because the RO-bud adds cuts to the RO-box based solely on
historical demand data, thereby mitigating demand overestimation risk for SKUs
with low historical demand but high IFR values.

Overall, the RO-bud results in more cost-efficient solutions than the RO-box, par-
ticularly when incorporating the IFR at the beginning of the product life cycle.
Therefore, in Sections 3.6.4 and 3.6.5, we further analyze the performance of the RO
model by utilizing the RO-bud solution.

3.6.4 Comparison of RO and SO models

We compare the performance of the RO and SO models for the same pairs of
quarters outlined earlier, where T € {2,4,6,8,10}. Figure 3.2 presents the trade-
off between the simulated mean waiting time and the simulated total cost of the
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solutions to both models. A black line with dashed circles on the graph shows the
SO model’s performance, while a distinct blue line with solid circles represents the
RO solution. We also show the impact of adjusting W°, which takes values from
the set Wobi ¢ {0.05,0.1,0.15,0.2} days. The RO solutions under different Wobj
are displayed using a blue-to-green gradient, while the SO solutions are displayed
using a red-to-yellow gradient.

Figure 3.2 shows that robust solutions consistently outperform stochastic ones. The
simulated mean waiting time for SO-Greedy can meet the service target when W°P}
is high. However, the robust solutions can achieve the service target even when
WO is low, which aligns with ASML’s needs. The robust solution provides the most
benefit when T = 6. For the same simulated total cost, the simulated mean waiting
time of the robust solution is up to o.15 days, so over 3.5 hours, shorter than that
of SO-Greedy. Considering that a breakdown of lithography systems at ASML can
result in losses of up to 72,000 Euros per hour (ASML, 2014), it can be estimated that
the robust solution has the potential to save over 72,000 x 3.5 = 252,000 Euros in lost
production per breakdown of an expensive lithography system compared to SO-
Greedy. For T € {4,8,10}, the simulated mean waiting time of the robust solution
remains more than o.10 days shorter than that of SO-Greedy, potentially saving
over 170,000 Euros in lost production per breakdown of an expensive lithography
system.

The performance of the SO solutions heavily depends on the accuracy of the pre-
dicted demand using HIS, which is particularly clear when SKUs experience unex-
pectedly high demand at T = 6. Furthermore, approximately half of the SKUs do
not follow a Poisson demand process, resulting in longer simulated mean waiting

times for SO solutions compared to previous quarters.

3.6.5 Sensitivity Analysis

In this section, we perform sensitivity analysis focusing on five key elements of
our model: ™, ¢f™, g, 4, and 7. Emergency shipments at ASML are inherently
variable in costs and timeframes, influenced by the geographical distance between
warehouses and part suppliers. By examining 7™ and ¢{™, we aim to understand
the impact of emergency logistics parameters on the performance of both RO and
SO models. g, §, and § shown in Figure 3.1 are crucial for the integration of HIS
and IFR. We also investigate its applicability to the RO and SO models.
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Figure 3.2: The trade-off between the simulated mean waiting time and the
simulated total cost of solutions using RO-bud and SO-Greedy. Note: For T €
{2,4}, most SKUs are in Categories Full-IFR and MIX. When T > 6, we only need
to consider SKUs in Category Full-HIS.
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Our sensitivity analysis examines the effect of changes in these elements on the
simulated total cost and the simulated mean waiting time. In addition, Appendix
3.A.7 explores how changes in these elements can affect stock levels. We select two
representative periods: T = 2, characterized by a predominant reliance on the IFR

to obtain solutions, and T = 10, characterized by a predominant reliance on the

HIS.
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Figure 3.3: Sensitivity analysis of ¢{™ for RO and SO solutions.

Sensitivity analysis of ¢f™: We conduct sensitivity analysis on t{™ by changing its
value by £12 hours from the baseline of 24 hours. Figure 3.3 shows how variations
in t{™ affect the simulated mean waiting time and simulated total cost of solutions.
The RO solution consistently outperforms the SO solution as t;™ varies. The RO
model exhibits adaptability by adjusting the inventory levels of expensive SKUs
following the prespecified Constraints (3.10c). Due to this, the stock levels of only a
small proportion of SKUs are impacted. See Appendix 3.A.7 for more information.

Sensitivity analysis of cf™: In our sensitivity analysis of ¢{™, we vary it by +250
Euros from its baseline value of 750 Euros. Figure 3.4 shows that the RO solution

is more sensitive to changes in ¢{™ when using IFR for T = 2 and becomes more
robust as more historical demand data is available for T = 10.

The sensitivity of the two models to ¢;™ is related to their solution strategies. For the
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Figure 3.4: Sensitivity analysis of ¢f™ for RO and SO solutions.

SO solution, c§™ affects the starting point of the iteration where the simulated total
cost for each SKU is minimized. However, as the number of iterations increases, the
impact of changing c¢f™ on achieving Wobi decreases, resulting in a similar simulated
mean waiting time. The investigation in Appendix 3.A.7 confirms this finding. For
the RO solutions, cfm affects the classification of SKUs into expensive and cheap
categories. An increase in c{™ leads to a higher number of SKUs labeled as cheap
SKUs (Z1), resulting in increased inventory holding costs but only a slight decrease

in simulated mean waiting times.

Sensitivity analysis of g, §, and §: As shown in Figure 3.1, we classify SKUs based
on the following thresholds: g=14=3 and § = 6. We perform sensitivity
analysis by adjusting the thresholds by £2 units. Increasing the thresholds to g = 3,
j = 5, and § = 8 results in the use of the IFR for a greater number of SKUs.
Conversely, lowering the thresholds to g = 0, § = 1, and § = 4 leads to a preference

for HIS.

Figure 3.5 shows how adjustments to the threshold can affect the solution per-
formance. The RO and SO solutions are more cost-efficient when the threshold
decreases by 2, i.e., as more SKUs use HIS-based demand estimation. This finding
supports our conclusion in Appendix 3.A.6 that implementing the IFR can reduce
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simulated mean waiting times, but it also leads to unnecessary holding costs due
to the overestimation of the IFR for most low-demand SKUs.
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Figure 3.5: Sensitivity analysis of g, §, and 7 for RO and SO solutions.

Overall, the RO solution outperforms the SO solution in most cases, highlighting
the adaptability of the robust model in spare parts inventory management. Besides,
incorporating the IFR provides benefits in the early stages of the product life cycle
in achieving a lower simulated mean waiting time, but may lead to higher hold-
ing costs. Therefore, in future research, it would be valuable to explore ways to
incorporate the IFR more effectively for both RO and SO models.

3.7. Conclusion

In this chapter, we develop an adaptive robust optimization (ARO) model for man-
aging spare parts inventory, which is especially useful in the early stages of a
product’s life cycle. This model takes into account emergency shipments. To
obtain the exact solutions of the ARO model, we establish its equivalence to a
deterministic counterpart. However, as the number of SKUs grows, the constraints
in the deterministic counterpart increase exponentially, which can result in compu-
tational challenges. To overcome this, we prove that the deterministic counterpart
can be decomposed into two mixed integer optimization problems. Based on this
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decomposition, we develop an efficient algorithm to deal with integer uncertainty
sets and to obtain near-optimal solutions for thousands of SKUs.

We conduct a case study at ASML, a leading supplier in the semiconductor indus-
try, highlighting the practical relevance and effectiveness of our ARO model for
inventory management in the semiconductor industry and other industries that sell
or use capital equipment. While effective under Poisson demand, the SO model
struggles with the demand variability and uncertainty inherent in new product
introductions. The ARO model adapts better to diverse demand patterns without
distributional assumptions, although it exhibits less flexibility in the sensitivity

analysis, as its performance remains relatively stable across parameter changes.



Appendix 95

3.A. Appendix

This chapter contains seven appendices. Appendix 3.A.1 presents the proof of The-
orem 3.1. Appendix 3.A.2 provides an illustrative example comparing the optimal
solutions derived from the SO-Greedy algorithm and the RO model. Appendix
3.A.3 gives proof of the optimality using the ISP algorithm for Problem (3.10) under
some conditions. Appendix 3.A.4 presents the proof of Theorem 3.3. Appendix
3.A.5 through 3.A.7 are related to the ASML case study in Section 3.6.

3.A.1 Proof of Theorem 3.1

Proof. Let k = 1, then eliminating €, ({) using Fourier-Motzkin elimination (FME)

results in

() > G — tg;, Vie I\{n},L € D, (3.14a)
Sn > Cn— zz;, VZ € D, (3.14b)
€(0) <S;, Vic I\{n},L € D, (3.14c)
(Sn — Zu)tg™ > — Wb Zg + Z NE™, VL €D, (3.14d)
0> —We 2 Gi+ 2 )l VZED, (3.14¢)
0<e€(0) < Vie I\{n},L € D, (3.14f)
i 20, VieZ. (3.148)

This proves that Theorem 3.1 holds if k = 1.

Let us assume that Theorem 3.1 holds for a given k. We show that it holds for k + 1,
too. Eliminating €, ({) from Problem (3.6) using FME results in

> - ct:7m VieT" %7 eD,
€(0) = ¢i— tz;, Vie I\I" % e D,
¢
() < S, VieI\I" K e D,
(Sn—k = Cni)ty" >
— WOV Zg + Z — ()™ + Y (G —S)E™, VL eD,aC Ik

icn
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n n—k—1
0> -WPYZit+ Y (Gi—e@)E™+ Y (Gi—SHE™,  VieD,ac T k!

i=1 i=1 ica
Gi > €(f) >0, VieZI\I" % [eD,
7 >0, VieT.
(3-15)
Rearranging (3.15) concludes the proof. O

3.A.2 Illustrative Example of Problem-solving Strategy

We present an illustrative example involving nine SKUs to compare the optimal
solutions derived from the stochastic optimization model considering the Greedy
algorithm (SO-Greedy) and the robust optimization model considering the price-
based budget uncertainty set (RO-bud). Table 3.2 shows the values of all input
parameters: predicted demand rate 71;, price ¢j, unit emergency shipment cost c§™,
unit emergency shipment time #;™, and lead time ¢ for each SKU, i = 1,..,9. All
combinations of Low, Medium, and High demand rates and Low, Medium, and
High prices form the nine SKUs. These parameter settings are motivated by the
real-life value of spare parts at ASML.

Table 3.2: Inputs for the illustrative example.

Parameter Low Medium High
Mean demand 7; (per year) 1 5 15
Acquisition cost ¢ (x1,000 €) 1 3 30
Emergency shipment cost ¢{™ (x1,000 €) 0.75
Emergency shipment time #{™ (days) 2

Regular replenishment time ¢ (days) 60

In this example, SKUs priced at low and medium levels belong to Z;, while those
with high prices are categorized under Z;. In the literature on spare part inventory
control, it is typically assumed that demand follows a Poisson process. Therefore,
we generate such demand data based on the predicted demand rate 777;. We con-
struct the price-based budget uncertainty set using the 95% bootstrap confidence
level (Wood, 2005) of the generated demand.

Figure 3.6 provides a comparative analysis of the optimal solutions derived from
the SO-Greedy algorithm and the optimal solutions of the robust model considering
the RO-bud by solving it exactly. The SO-Greedy solution tends to stock a greater
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Figure 3.6: Solutions to RO-bud and SO-Greedy for the illustrative example.

quantity of low-priced spare parts for SKUs sharing identical 77; values. As WOV
increases, the high-price spare parts are prioritized to reach a lower stock level. In
contrast, the robust solution remains unaffected by changes in W for medium-
priced and low-priced SKUs. This observation confirms Theorem 3.2 that for SKUs
within Z;, stock levels equals ;, hence not affected by W°. Even though the
stock level of the RO model is Z, for these SKUS, the stock level using the SO
model remains higher when W is relatively small. The robust solution generally
maintains higher stock levels for high-priced spare parts than the solution obtained
by SO-Greedy.

3.A.3 Proof of Optimality for Problem (3.11)

We show that ISP provides an optimal solution to Problem (3.11) under some
conditions. We first write the constraints of Problem (3.11) in the matrix form as
follows:

AS>b, S>0, (3.16)

where § € INj' is the vector of decision variables, A € R?"~1%m ig the constraint
coefficient matrix, and b € R2"1 is the right-hand side parameter vector. We can
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express A and b as
0 if jeZ\a obi em
yj = L ;b= WY G ) Gt (3.17)
{ tmoif jea it e
where 4, ; represents the component in the " row and the j* column of the matrix

A, by is the component in the a' row of the vector b for any non-empty set & C Zp.

For any non-empty set « C 7, let II* be a partition of a. In other words, there
exists a p € N such that TI* = {II{, ..., I} } and

MUILUIZU..UIl; =a, IIFNI =0, Vigj. (3.18)

Theorem 3.4 Let by € Ny, for any « C Ip,a # @. The solution generated by IS is
optimal when for any non-empty subset & C I, and any partition I1*, we have b, >
Y Berm bp, where by, defined in Equation (3.17), is the right-hand side of the constraint
associated with the set B.

Proof. We show that the solution generated by ISP is optimal for Problem (3.11).

We first show that if we remove the integrality restriction in Problem (3.11), leading
to what we call the relaxed problem, then $* = (S7, ..., Sj;,) obtained by IS is a basic
feasible solution that is optimal.

According to the assumption and procedures in ISP, S* can be expressed as S; =

[(br1,.. k) — foll S;ts™)/t™)], i.e. the solution of the following linear system:
ST = by,
t%mS{ + fEmSE = b{1,2}/
HMST + t5MS5 + 15185 = b2y

Y #mss — by,
i€l

Now, we use the Simplex algorithm (Bazaraa et al., 2011) to show that S$* is an
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optimal solution to the relaxed problem. Let us set A as:

™ 0 0 0]
em gm0 0
fem  pgm - pem 0
SR bt

Note that Aj is invertible since it is a lower triangular matrix with strictly positive
diagonal entries tfm. And let us denote by A, the rows of A excluding A;. So

A
A= Al . Set M := {{1},{1,2},{1,2,3},.., 75} and let 2%2 be the power set of
2
7. Introducing slack variables x,, for any @ # a C 7, we can rewrite Constraints
(3.16) in a standard form as

S

A1 Opom_q1— —Im
§ p [Xalpcom\(Mmug) | =0 §20, x>0,

m
Az o 02"‘—1—m,m

[xvé]aeM

(3-19)
where I?"~1=™ and I" are identity matrices in R?"~1~" and R", respectively,
Om,2m—1—m is the m x (2™ —1 — m) zero matrix, and Opm_q_yym is the (2" —1 —
m) X m zero matrix.

A1 Omom_1—m

Consider the basic feasible solution corresponding to B = For

Ay — Izm—l—m :
the basic solution, S and [x,], e2T2\ (Mug) are the basic variables. Since B is a block
matrix with invertible matrices in the diagonal, B is invertible (Bernstein, 2009), and
its inverse is
g1_ | A 0 ]
A AT P 1m

where Ay Lis

t?im 0 0 0
gm0

1 1
0 _tgim tgim
o0 0

Therefore, B is a basis. Since its corresponding solution is feasible, it is a feasible
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basis. Now, we check the optimality criteria of the Simplex algorithm. To this end,

set ¢ = (cg‘ — %,cg‘ — %, eyl — %,O, 0,...,0) containing m zeros. So, we have
3Bl = (0, — 02,0, —03,..., 001 — 01, 01,0,0,...,0).

Let ¢; = [0,0,0,...,1,...,0]T be the m-tuple with all components equal to 0, except

the ith one being 1. And let z, denote the objective function value for any &« C M.

Then, we have the reduced cost coefficients:

—1
Z{l}—Ci{l} :Cla;B (—el)—c‘;{l} =6,—6; <0,

-1
Z{llz} - C?({Lz} = C%B <_e2) - C?C{l,z} = 93 - 92 < 0/

-1
27, — c‘jqz =cgB7 (—ey) — cﬁzz = -0, <0,
where the nonnegativity comes from the fact that the initial investment is in de-
scending order. It is clear that all the reduced cost coefficients of the non-basic

variables are non-positive. Therefore, the solution to the relaxed problem is optimal.
O

The assumptions outlined in Theorem 3.4 are related to the absence of redundant
constraints in Problem (3.11). The validity of this assumption depends heavily on

the choice of the uncertainty set and the value of W°Y.

3.A.4 Proof of Theorem 3.3

Proof. Given Corollary 3.1, after eliminating the wait-and-see variable €;({), Problem

(3.12) is equivalent to Problem (3.20):

min ) (c'S; +1) (3.200)
”ERQ i€l
st S >t ’Z"e(f), VieZ,[ €D,  (3.20b)
Z 1i(8) <1, Vi €D, (3.200)
i€l

. n
YISt > Y G- WY 5, VEeD,aCTa#®,  (320d)
i=1

icn i€
1i(§) >0, VieI.  (3.20e)

Compared to Problem (3.8), Problem (3.20) has an additional constraint (3.20c) and
a wait-and-see variable #;({). We now eliminate this variable using the FME method
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to prove Theorem 3.3. Let k = 1. Eliminating 7, ({) using FME results in

min Y (chS;i +17) (3.21a)
f,?ifﬁ ieT
st @)= 5 (g - 5) VieT\[nh{eD,  (321b)
n—1
Y (@) <, VT €D, (3.210)
i=1
n—1 em
Y 70+ C’; (Cn—Sn) <1, VC € D, (3.21d)
i=1

. n
Y ST > Y GEN WY g, VL eDaCTa#® (3210
i=1

icn icu
n:(0) >0, Vie I\{n}. (3.21f)
This proves that Theorem 3.3 holds if k = 1. Assume that Theorem 3.3 holds for

a given k. We now show that it holds for k + 1 as well. Eliminating €, _¢({) from
Problem (3.6) using FME results in:

min Y (c'S;+ 1)

n
SeNg

R i€l
™
st 7i(0) = == (G = Si) VieI\T" %7 eD,
n—k—1 cem
Y.on@+ )Y, - @i-S)<u, V{ € D,a C " K1,
i=1 iGI”*kJrl\a
n—k—1 CerEk
Z 771'(@) + nt (gnfk - Snfk)'i' (3-22)
=1
1 Cem
“—(Ci—Si)) <, Vi eD,a C T,
iEI”_k‘H\pc t
.n
YoSitf™ > Y it~ Wy g, V{eDaCTa#0,
icn icn i=1
1i(g) >0, Viel.
Rearranging (3.22) and setting k = n concludes the proof. O

3.A.5 Historical Demand Data-based Uncertainty Set Construction

The following section details how to estimate HIS and HIS, which are the upper
and lower bounds of the demand quantities per lead time.
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In the ASML case study, we focus on a two-month lead time and use monthly
demand data to construct the uncertainty set. We prefer to use monthly demand
data because of the limited data availability at the beginning of the analysis. For
example, when making stock decisions for the third and fourth quarters, we can
only access two quarterly demand data points or six monthly demand points per
SKU.

Another essential factor to consider is the continuous increase in demand for spare
parts at ASML, which directly corresponds to the increase in machine sales. There-
fore, based on the monthly demand data, we first calculate the maximum and
minimum demand quantity per machine per time unit. We then multiply these
by the expected number of machines and the predicted period length to get HIS
and HIS.

3.A.6 Benefits of Incorporating the IFR

We evaluate the potential benefits of incorporating the IFR using the ASML dataset.
Most SKUs rely on the IFR for T = {2,4}. For T > 4, the proportion of SKUs using
the IFR steadily declines. Because historical demand for these SKUs continues to be
almost non-existent as the machine ages, inventory planners usually assume that

their future demand is unlikely and set the IFR to zero.

We first examine the potential consequences of varying IFR and IFR on RO so-
lutions. As shown in Figure 3.7, we compare various RO solutions with different
IFR and IFR for the uncertainty set scaled by different multiples of the IFR values.
Our results reveal that decreasing or increasing the multiplier of IFR values has a
limited effect on the simulated mean waiting time and simulated total costs.

We then analyze three scenarios to assess whether the incorporation of IFR improves
solution performance: a combination of IFR and HIS, exclusive use of HIS, and
exclusive use of IFR. Figure 3.8(a) shows that for T = 2, when the simulated
mean wait time exceeds 0.26 days, using only HIS outperforms incorporating IFR.
However, when we aim to achieve a simulated average waiting time of less than
0.26 days, incorporating the IFR outperforms the other two scenarios. Since ASML
typically aims for high service performance, targeting W°% < 0.1 days when 5 is
1 day. Incorporating the IFR is beneficial to achieve a smaller WO at the very
beginning of the product life cycle, aligning with ASML’s service performance
goals.
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Figure 3.7: Sensitivity analysis of IFR and IFR for RO and SO solutions.

The dynamic shifts for T = 10, as shown in figure 3.8(b). During this period,
historical demand data accumulates, and using only HIS for all SKUs shows a
marginal overperformance compared to the exclusive use of the HIS. This shift
in performance is due to two primary factors. First, more historical demand data
improves the accuracy of future demand forecasts. Second, at T = 10, inventory
planners often set IFR values to zero for low-demand SKUs, even though poten-
tial future demand exists. Overall, the performance difference between these two

scenarios is small.

The effectiveness of the solution incorporating the IFR depends on the accuracy of
the IFR as estimated by reliability engineers. We find an overestimation of the IFR
for most SKUs. While this overestimation may result in higher inventory holding
costs, it is consistent with ASML’s goal of achieving robust inventory performance

for unexpected failures during the NPI stage.

Opverall, incorporating the IFR can improve the performance of both RO and SO
solutions in the early stages of a product’s life cycle, especially when making stock
decisions for SKUs that don’t have any historical demand data but are expected
to have demand in the future. Since IFR is usually overestimated, an appropriate

underestimation of the worst-case scenario when constructing the uncertainty set
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Figure 3.8: Comparison of RO and SO solutions under three scenarios: combined
IFR and HIS, HIS-only, and IFR-only.

can reduce the conservatism of the RO solution.

3.A.7 Sensitivity Analysis of ™ and ¢{™ on Stock Levels

In this section, we investigate how variations in ;™ and c{™ affect stock levels. We
use the mean percentage error (MPE) of the stock levels to quantify the effects of
these variations. The MPE is calculated by comparing the adjusted stock levels for
SKU i (denoted by S;) when either te™ or ™ is varied, to the original stock level
for the same SKU (denoted by S;). The formula for MPE is:

1S —S;
MPE = — Z; 5
where 1 is the number of SKUs in consideration.

We show the MPE values derived from the sensitivity analysis of ™ and ¢{™ in
Table 3.3. Regarding the sensitivity analysis for ¢{™, the changes in the MPE values
of the SO solution are more pronounced than those of the RO model. This indicates
that the stock level of the SO solution is more sensitive to changes in ;™ than the
RO solution.

For the sensitivity analysis of ¢{™, the MPE value of the SO solution is zero, meaning

that the stock level of the SO model is insensitive to changes in c§™ in this case. For
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Table 3.3: MPE for the sensitivity analysis of ™ and c;™(%).
RO-bud SO-Greedy
Wobj 005 01 015 0.2 0.05 0.1 0.15 0.2

em T=2 | 002 o010 024 016 | 3.99 9.17 10.16  16.00
£ 12

! T=10 | 030 o060 0.63 0.89 2.36 10.75 7.35 10.20

jem . 19 T=2 | -0.10 -0.37 -0.36 -0.35 | -11.02 -19.20 -24.73 -15.45

i T=10 | -0.87 -1.42 -2.04 -1.89 | -14.87 -14.35 -16.93 -9.66

em T=2 | 292 298 313 3.17 | 0.00 0.00 0.00 0.00
cs™: +250

T=10 | 0.24 052 070 1.41 | 0.00 0.00 0.00 0.00

cem . 950 T=2 | -1.13 -1.29 -1.31 -1.43 | 0.00 0.00 0.00 0.00

i T=10 | -030 -0.71 -0.90 -1.54 | 0.00 0.00 0.00 0.00

the RO solution, although the stock level changes due to C?m, the MPE values are

small and do not exceed 3.17%. This indicates that the RO solution is stable when

em
c™ changes.







Chapter 4

Robust spare parts inventory control
with backorders

In this chapter, we propose an ARO approach for spare parts inventory control at a central
warehouse. The central warehouse is sourced directly from suppliers and serves as the
emergency shipment source for local warehouses, which means that stock shortages at the
central warehouse result in backorders rather than lost sales.

To the best of our knowledge, we are the first to use robust optimization to formulate
a continuous review inventory model with backorders. To efficiently solve our model,
we develop a three-step approach. First, we establish bounds on optimal stock levels by
calculating an approximate lower bound from a lost sales problem and an upper bound from
a conservative estimation. For SKUs where these bounds coincide, we directly determine
their near-optimal stock levels. For components where the bounds differ, our second step
introduces a tighter upper bound through a relaxation of the original problem. Third, for
the remaining SKUs, we employ existing approximation methods to determine near-optimal
stock levels. Unlike Chapters 2 and 3, where we assume identical repair lead times for
all SKUs, in this chapter, we consider the more general case where different SKUs have
distinct repair lead times. This extension presents a key challenge in implementing robust
optimization for spare parts inventory control, and thus, we introduce a lead time shift
method to handle this complexity when constructing uncertainty sets.

To demonstrate the applicability of our model, we conduct a case study involving 1,597
SKUs at ASML. Our results show that the robust model achieves target service levels
more cost-effectively than the SO model, particularly when service level requirements are
stringent.
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4.1. Introduction

The availability of spare parts at a central warehouse plays a critical role in main-
taining high equipment uptime across a company’s service network. Unlike local
warehouses, where stock shortages can often be mitigated by emergency shipments,
central warehouse stockouts result in backorders.

The robust optimization models developed in Chapters 2 and 3 demonstrate that
appropriate uncertainty sets can effectively capture the relationships between spare
parts demands. In those chapters, we introduce a (price-based) budget uncertainty
set that accounts for demand interaction by constraining the joint occurrence of
demands for multiple types of spare parts within specific time frames. However,
both chapters assume identical lead times across spare parts for computational
simplicity. In practice, spare parts lead times can vary dramatically, from days
to months, which introduces considerable complexity in constructing uncertainty
sets that accurately reflect demand patterns.

This chapter presents an ARO approach to the central warehouse inventory control
problem. We discuss how to apply robust optimization to a continuous review
inventory policy with backorders. We then propose a three-step approach to make
our ARO model computationally tractable for large-scale industrial applications.
To handle different lead times when constructing an uncertainty set, we develop a
lead time shift method. Through a case study at ASML, we demonstrate that our
model achieves higher service levels and is more cost-effective than the SO model,
particularly when historical demand data are limited or service requirements are

stringent.

The remainder of this chapter is organized as follows. In Section 4.2, we formu-
late both the stochastic optimization model and our proposed robust optimization
model for central warehouse inventory control. Section 4.3 presents our solution
method. Section 4.4 introduces our lead time shift method for constructing uncer-
tainty sets. In Section 4.5, we validate our approach through a case study at ASML,
comparing the performance of our robust model against their current stochastic
optimization approach. Finally, Section 4.6 concludes with key findings.
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4.2. Problem Formulation

We consider a central warehouse stocking a set of spare parts, denoted by i € 7 =
{1, ...,n}. These spare parts are used to service an installed base of machines of one
type and can be used for multiple types of critical components in case of failure.
We refer to these components as stock keeping units (SKUs). The inventory man-
agement system operates under a continuous review base-stock policy. Whenever
demand for SKU i occurs, a new unit is ordered to bring the inventory position back
up to the base-stock level S;, and it arrives after a deterministic lead time t;(> 0).

When the central warehouse runs out of stock, no emergency supply option ex-
ists, and thus, the long lead times for new spare parts cause backorders. These
backorders can lead to substantial disruptions in manufacturing operations and
equipment uptime at all local warehouses that depend on the central warehouse.
To measure the warehouse’s service performance, we define the fill rate B;(> 0) for
each SKU as the fraction of demand that can be fulfilled immediately from available
stock. We establish an aggregate fill rate target f° (typically exceeding 90% or even
95%) across all SKUs to ensure overall service quality, representing the minimum
required fraction of total demand that must be satisfied directly from stock.

Currently, ASML, like many other organizations, employs spare parts inventory
control using a stochastic optimization model, as detailed in Section 4.2.1. We
propose a robust optimization approach in Section 4.2.2. While the stochastic
optimization model discussed by Van Houtum and Kranenburg (2015) focuses
solely on minimizing holding costs for a given service level target, previous robust
optimization models for periodic review inventory control (Bertsimas and Thiele,
2006; Ardestani-Jaafari and Delage, 2016; Chen et al., 2023) include both holding
and backorder costs in their objective function. We follow the robust optimization
literature and include backorder costs in our problem formulation.

4.2.1 Stochastic Optimization Model

The stochastic optimization (SO) model is a state-of-the-art model for spare parts
inventory control at a central warehouse, allowing for the direct determination of
stock levels for each SKU. The SO model assumes that the demand during the lead
time follows a Poisson process with a constant rate of m;(> 0) per time unit for
SKU i € 7 (Van Houtum and Kranenburg, 2015). Under this assumption, the fill
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rate for SKU i given base stock level S; can be calculated as:

Si—1

_ 1 (miti)x —m;t;
Bi(Si) = xg() T :
We denote the total demand rate for all SKUs by M = } ;.7 m;. For any SKU i in Z,
let cP(> 0) denote the holding cost per time unit and c?°(> 0) denote the backorder

cost per time unit. To find the optimal stock level, we solve Problem (4.1):

min Z C?Si + Z CE’OEBOi(Si) (4.12)
SeNo je7 ie1
m;: .
st Y, 2 oBi(S:) > B, (4.1b)

i€l
where EBO;(S;) represents the expected number of backorders for SKU i € T given
base stock level S;, calculated as (see Section 2.3 of Van Houtum and Kranenburg
(2015)):
Si
EBO;(S;) = mit; — S; + Z (S; —x)P{X; =x}, S; € Ny.
x=0

Problem (4.1) aims to minimize the total average cost per time unit, where the first
term is the sum of mean holding costs per time unit, and the second is the sum of
mean backorder costs per time unit. Constraint (4.1b) ensures that the aggregate fill
rate remains above the target service level.

4.2.2 Robust Optimization Model

Unlike the SO model that assumes a known probability distribution for demand,
the adaptive robust optimization (ARO) model considers a set of possible demand
scenarios. Developing an ARO model with backorders under a continuous review
policy presents unique challenges, particularly in capturing the dynamic nature
of backorder tracking. After exploring several modeling approaches (detailed in
Appendix 4.A.2), we propose the following model.

For each SKU i, we introduce two types of uncertain demand to keep track of
backordered demand over consecutive lead time cycles. ! represents the demand
in the previous lead time [t — t;, ] that may result in backorders that carried to the
current lead time, and {? represents the new incoming demand in the current lead
time [t,t + t;]. Both demands are non-negative, and their joint vectors lie within
the uncertainty set (',¢?) € D, where ' = [¢}Hier and = [(?);ez. During
lead time #;, we first handle any backorders (¢} — S;)* from the previous lead time
using stock level S;, then observe new demand (fiz and determine what fraction of
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this new demand can be satisfied from the remaining stock. We introduce Problem
(4.2), which considers the dependency of backorder costs across SKUs:

g}%\r}}l Z S+ (4.2a)
ﬁ,-:]R”%UIR iz
neR,y;:R"—=R
st FRU-B@)E <@, ViELEED,  (4ab)
Y oni(?) <, V(L) eD, (420
il
Bi(THF < Si— (g —S)T, VieZ ({',i*) €D,  (4.2d)
2 2
Y B > gy o V@2 ED, (420
ieZ ti i€l ti
0<Bi(d?) <1, VieZ ({7 €D, (420
ni(5%) >0, VieZ ({',7*) €D.  (428)

Here, 7 is the total amount of back ordered cost per time unit, which is introduced
to move the uncertainty from the objective function to Constraint (4.2c). #; is
the amount of back ordered cost per time unit per SKU, which depends on the
realization of the actual demand 2. Constraint (4.2d) ensures that the stock level
is sufficient to fulfill part of the demand {* and backorders from the previous
lead time (! — S;)*. Constraint (4.2e) ensures that the aggregate fill rate across
all SKUs meets a target service level g°%. Unlike Chapters 2 and 3, where we
assume identical repair lead times for all SKUs (i.e., t; = t for all i € Z), in this
chapter, we extend our analysis to the more realistic case where each SKU may
have a distinct repair lead time f;. This extension necessitates the modification
seen in Constraint (4.2e), where each term in the aggregate fill rate calculation
is normalized by dividing by the corresponding lead time t;. This normalization
ensures that SKUs with different lead times are appropriately weighted in the
service-level constraint, preventing SKUs with longer lead times from dominating
the fill rate calculation. Compared with the SO Problem, Constraint (4.2f) ensures
that B; is a proper fraction between o and 1, and Constraint (4.2g) guarantees that

the backorder amount is non-negative.

Problem (4.2) enables dynamic backorder tracking across lead times by coupling ¢!
and {2 in a joint uncertainty set. However, this formulation may lead to overesti-
mation of backorders in certain scenarios. This conservatism stems primarily from
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simplified assumptions about replenishment timing. Specifically, Constraint (4.2d)
assumes that replenishment occurs only at lead time endpoints, while in practice,
deliveries often arrive throughout the lead time. We illustrate this limitation in the
example below. Despite the limitation, Problem (4.2) establishes a foundation for
future research in this domain.

Example 4.1 Consider a single SKU with base stock level S = 2 and lead time t = 10
days. We observe demand in two consecutive lead times: [0,10] and [10,20].

Actual Continuous Review: The scenario begins identically. We start with 2 units on
hand, receive 3 demands on day 1, fulfill 2 demands immediately, and backorder 1 unit.
However, in a continuous review system, we immediately place a replenishment order for 3
units when the demands arrive on day 1. These replenishments arrive on day 11, allowing
us to clear the backorder and restore our stock on hand to 2 units. When 3 new demands
arrive on day 12, we can fulfill 2 demands immediately, leaving only 1 unit backordered.

Model’s Perspective: We start with a base stock level and stock on hand of 2 units.
When 3 demands arrive on day 1, we can fulfill 2 demands immediately, while 1 unit
becomes backordered. At the beginning of the subsequent lead time [10,20], the scheduled
replenishment arrives after a fixed 10-day cycle, and the stock level returns to the base stock
level. The backordered demand is satisfied, so the stock on hand becomes 2 —1 = 1. When
3 more demands arrive on day 12, we can only fulfill 1 demand with our remaining stock,
resulting in 2 more units being backordered.

This example illustrates how our model approximates backorders by not capturing the exact
timing of demand fulfillment.

4.3. Solution Method

The SO Problem (4.1) can be solved using an extended version of the greedy algo-
rithm (Algorithm 2.3) as discussed in Van Houtum and Kranenburg (2015). Our ex-
tension incorporates backorder costs in the objective function. The algorithm works
by iteratively increasing the stock level of the SKU to provide the greatest marginal
benefit, where the marginal benefit is defined as the ratio of the increase in fill rate
and the increase in total cost per time unit. In this section, we show how to solve the
ARO Problem (4.2). First, we reformulate it into a deterministic counterpart, which
is a mixed integer linear optimization problem (MILP) with an exponential number
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of constraints. Then, to deal with the computational complexity of the problem, we
introduce a three-step approach to approximate the solution.

To solve Problem (4.2), we first show how we can reduce the number of wait-and-see
variables in Theorem 4.1.

Theorem 4.1 Problem (4.2) is equivalent to Problem (4.3):

. h
' Si .
;21%\% iezzcl it (4.32)
7eR
cbo
st ) (@ =Si+ (@G -s)) <, va CZ,(Z',8%) €D, (43b)
ica !
(Si - (gzl - Si)+) bj GZ gz 1 2
> BoY] 2t 2L
Py G > B Zti Z;ti, Va CZ,(,5°) €D, (430)
i€\« i€l icn
S =@ s, vie (%) € D. (43d)
Proof. We give the proof in Appendix 4.A.1. O

Problem (4.3) poses computational challenges. Specifically, the function (-)* in both
constraints makes them convex in uncertain parameters ¢! and ¢. For robust opti-
mization problems, we prefer constraints that are concave in uncertain parameters
to derive a tractable reformulation. To address this, we eliminate the () terms by
introducing additional subset variables <. For constraint (4.3b), we introduce v C a
to represent the components where ({} — S;) is positive. Similarly, for constraint
(4-3¢), we introduce v C Z\« to represent components where (511 — S;) is positive.
For Constraint (4.3d), we rewrite it more explicitly. When ¢! > S;, this constraint
becomes S; > @l-l — S;, which simplifies to S; > %Cll When @il < §;, this constraint
becomes S; > 0, which is already satisfied by S € INj. Thus, Constraint (4.3d)
can be expressed as S; > %’1 for any i € Z,(*,Z?) € D. This yields the following
equivalent reformulation of Problem (4.3):

: h
S, + .
min lgcl i+ (4-42)
neR
o ) 1,2
st L@ -s)+ L@l -s) <, Ve CTyCa, (L8 €D,
iea 1 iey 7t

(4.4b)
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(4-40)
! - 1,2
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Problem (4.4) still has high computational complexity due to its exponential number
of constraints. We propose a three-step approach.

Step 1: First, we obtain initial bounds. We construct an approximate lower bound
of the optimal solution through a modified version of Problem (2.2) with lost sales.
Note that in Chapter 2, we assume constant lead times for all SKUs, whereas in
this chapter, we consider different lead times for each SKU. Therefore, we adapt
Problem (2.2) as:

mil;} Z C?Si (4.52)
prrom  1€7
s.t. ,Bl(g)gl <S,, VieZ, [ €D, (4.5b)
y Bl pon - & eD, (450
i€l 1 ieZ "t
1> i(7) =0, VieL{eD.  (45d)

The key difference from Problem (2.2) is in Constraint (4.5¢c), where each term is
now normalized by dividing by the corresponding lead time ¢;. The lost sales prob-
lem provides a good lower bound because, in spare parts inventory management,
cheaper SKUs are typically stocked at higher levels regardless of whether we use a
lost sales or backorder model.

We construct an upper bound through conservative estimation. For conservative
estimation, we consider the worst-case demand scenario for each SKU in paired lead
times, setting S; = max 1 s2)cp {¢},7?}. This preprocessing step can immediately
identify the near-optimal stock levels for SKUs where the lower and upper bounds
meet.

Step 2: Second, for SKUs where the bounds differ, we construct a relaxation of
Problem (4.4) to obtain a tighter upper bound. For Constraint (4.4c), observe that
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for any feasible solution S§*:

* _ V. 1 _ *
Z (Si ZIG'Y(gl > ‘BObJ 2 2 , Yo - I,’)/ - I\OC, (C1,§2) €D

i€\ £ i€z ti icu ti

which rearranges to:
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Dropping } ic, S; > 0 (as S} > 0), a valid relaxation is:

Sl obj gz gz gl
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Any solution satisfying the above constraint would satisfy Constraint (4.6). There-
fore, replacing (4.6) by the above constraint shrinks the feasible region, resulting in
an upper bound on Problem (4.4). To avoid enumerating all -, note the worst case

1 1
occurs when Y;c., Ct—‘ is maximized. Since y C 7 \ a, we have max 1 ,2ycp Yiey CT’ <
1 7 1

1 1
max D ZieI\a gt—l We expand 7 to Z\a for terms with %, yielding:

¢L)e
y Zzpt ): X3 Ly T WCLEP)ED G
i€\ ti ZGI i€n b 1eI\a
This ensures feasibility for ally C Z\a. So, we can calculate an upper bound on the
stock levels by solving the following optimization problem.

: h
hs; 8
oy L o
Si o pobi @2 ? 1,2
st ) By ) h e 2 Ya CZ,(7,0°) €D, (4.8b)
i€T\a ti zGI ica ti 1EI\a
él .
Si= % VieZ (IL,7%) eD. (480

This relaxed Problem (4.8) has a structure similar to the lost sales problem in
Chapter 2, enabling us to solve it using established algorithms such as the itera-
tive projection in descending order (IPDO) algorithm or the constraint generation
(ConGA) algorithm. For implementing ConGA, we provide an estimation of the
right-hand side value of Constraint (4.8b) in Appendix 4.A.4.

Step 3: Finally, for those SKUs whose bounds are not tight yet, we employ existing
approximation methods to determine near-optimal solutions. For example, we can
use the affine decision rule approach (ADR), which restricts decision variables to
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affine functions of uncertain parameters.

4.4. Uncertainty Set

This section introduces two classical uncertainty sets in Section 4.4.1 and describes
our method to construct the uncertainty set for SKUs with different lead times in
Section 4.4.2.

4.4.1 Classical Uncertainty Sets

The box uncertainty set, as discussed in Sections 2.2.3 and 3.5.1, provides individual
bounds for each SKU’s demand in each lead time and serves as our starting point:

d<il<d, vier

pbox _ (gll (.2) e R" x R" : =t = 72

?<y?<d;, VieT

Here, d; and H} represent the lower and upper bounds for demand in the previous
lead time, and d? and Hf represent those for the current lead time. Note that this
uncertainty set assumes the independence between demands in two consecutive
lead times, which can be overly conservative in practice. Therefore, we introduce a
budget uncertainty set.

A2 < +2<d’, vied,

1

1y o T C

phud — (§1,§2)€R”><1R”:L"—i€2ati_r“’ VaCLazO
2

2<Y 2 <T: VYaCZa#0®

iea 71

g—i

The first constraint captures the aggregate demand bounds for each SKU in two
consecutive lead times. For each SKU i € Z, this constraint ensures that the
sum of the demands in the previous lead time (Cil) and the current lead time
(¢?) are bounded by d? and ng' Subsequent constraints account for demand
interdependencies between different SKUs by establishing upper and lower bounds
of demand during the lead time for every subset a. Note that for any i € Z,

d} =1 a . £ - 2
Eii} = 7 and Ty = 7, and similarly, E%i} =% and T, =

Li

£

. . . . . =1 -2 —=
The construction of this set, specifically the estimation of d}, d;, 412, d;, L}‘, F,i, ﬁ(

=2 . . . . T
and I',, relies on two primary data sources: historical demand data and the initial
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failure rate (IFR) estimated by engineers. The incorporation of these data types into
the uncertainty set is detailed in Section 3.6.2.

4.4.2 Lead Time Shift Method

Different SKUs usually have different lead times. For notational simplicity, we omit
superscripts 1 and 2 (which represent two consecutive lead times) in this section.
Although estimating d; and d; from historical demand data is straightforward,
determining I, and T, becomes complex when SKUs within a have different lead
times. The analysis presented here extends the initial work done in the Master
thesis of Pessers (2024). Figure 4.1 illustrates this complexity. The top three lines
represent demand patterns for three SKUs, indicated by different colored points
(orange, blue, and pink). Vertical blue lines on each SKU’s timeline denote the
start and end of its lead time, which varies among SKUs. The bottom line shows
their combined demand over time. The noncoinciding lead times complicate the
determination of combined upper and lower demand bounds for multiple SKUs.

’ ’ ’ ‘ Time
U A
Time

Figure 4.1: Illustration of observed demand over time for different SKUs.

We develop the lead time shift method to compute aggregate bounds I'a and Ta
for SKUs with different lead times. Let us start with an illustrative example to
understand the method.

Example 4.2 Consider three years of historical demand data divided into 6-month periods
(P = 182 days), giving us six periods Q = {1,2,3,4,5,6}. For an SKU i € Z with a lead
time t; = 100 days, we perform the following process for each period q € Q.

For the period q = 1 (first 6 months), we start with the lead time window (100 days) aligned
to the beginning of the period. We count demands within this 100-day window, then shift
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the window by one day and count again. This shifting and counting continue for all possible
|100 — 182| 4+ 1 = 83 positions within the period. All 83 counts are recorded in vector f?,{ .

We repeat this same process for each subsequent period (q = 2,3,4,5, 6), creating vectors 55
through eTrg, each with 82 elements representing different possible demand counts based on
where the 100-day lead time window falls within that 6-month period. For each SKU i € T
and period g € Q, we then calculate the lower and upper bounds: LB; ; = minlglﬁgg(ei,q) I
and UB; ; = maxy<;<g3(€i4)1-

.
Time

Time

Time

Time

’ ‘ ‘
. . ‘ . ‘ .

Time

Time

Time

Time

.
.
o

Time
.

8
.
.
.
2

Time

(b) Lead time shifts when t; > P

Figure 4.2: Visualization of the lead time shifts. Solid vertical lines indicate the
length of the pre-specified time period (P). The blue rectangle represents the lead
time window in different positions as it shifts across the timeline.

Figure 4.2 illustrates the lead time shift method in g = 2, with (a) showing t; < P
and (b) t; > P. In Figure 4.2 (a), we have UB;; = 2 and LB;, = 1. For a longer
lead time with an identical demand pattern, Figure 4.2 (b) yields UB;, = 5 and
LB;p =3.

More formally, the lead time shift method consists of the following steps.
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We first divide the historical timeline into pre-specified time periods of duration P.
At ASML, this duration is determined by the mean lead time across all SKUs and
the frequency of updates to the installed base information. Let us denote the set of
these pre-specified time periods by Q = {1, ..., |Q|}.

For each SKU i € 7 and period q € Q, we create multiple counts of demand
occurrences by shifting the lead time window t; across period g, where ¢; is the lead
time of SKU i. We define a vector eT,q) = [(eiq)1, (€ig)2, s (€ig))r,—p|] that contains
the [t; — P| number of elements, where each element (e;;); represents the number
of demand occurrences counted when the lead time window for SKU i is shifted by
I time units relative to the start of the period 4. This shifting process ensures that
we capture all possible ways in which a lead time period could overlap with our
pre-specified time periods.

From these vectors, we compute the demand bounds for each SKU and period. The
upper (UB; ;) and lower (LB, ;) bounds for each SKU i € 7 are computed as:

UB;, = max (e;,);, YieZ,geQ,
iq 1§l§\ti—P\( l,q)l q Q

LBl-,q = lglr£|itl;1—l’|(8i’q)l’ Viel,qeQ.

Since these bounds are now calculated over identical time periods g4, we can calcu-
late the aggregate lower and upper bounds, I, and T, respectively, across all SKUs
and periods as follows:

us;
Y

LB; _
', = min 2 l’q, I'y = max
9€Q ey !

9€Q jcq £
An alternative to constructing the bounds of the uncertainty set is the unit shift
method. This method divides the historical timeline into fixed time intervals (e.g.,
days or weeks) and counts demand occurrences within these fixed time intervals.
This approach offers computational simplicity. However, for SKUs with long lead
times, the unit shift method can underestimate demand volatility because the anal-
ysis window is too short to capture the full pattern of variability throughout their
entire replenishment cycle. In addition, for SKUs with short lead times, the method
can overestimate risks by including demand fluctuations outside of their actual
replenishment cycle, potentially leading to excessive inventory allocations. The
lead time shift method avoids the pitfalls of the unit shift method by tailoring the
analysis windows to each SKU’s replenishment cycle.
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The following example illustrates these methodological differences.

Example 4.3 (Comparison of Methods for One Period) Consider a 10-day period with
two SKUs having different lead times: SKU 1 (t; = 2 days) and SKU 2 (tp = 5 days). The

demand pattern is:

Day |1 |2 4 6 8 10
SKU1 |1|0]o0 0 1 0
SKU2 |o|1|o0|o|1]o|1|0]|0]| 1

Lead Time Shift Method: For SKU 1, we shift a 2-day window through the period:

Window Position

Demand Count

Days 1-2
Days 2-3
Days 3-4
Days 4-5
Days 5-6
Days 6-7
Days 7-8
Days 8-9
Days 9-10

1

R O O R

=

This gives LBy = 0 and UBy = 1. Thus, we have Lt—lfl

day.

For SKU 2, we shift a 5-day window:

Window Position

Demand Count

Days 1-5
Days 2-6
Days 3-7
Days 4-8
Days 5-9
Days 6-10

N N N NN

= 0and —utBl
1

= 0.5 demands per
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This gives LBy = 2 and UBy = 2. Thus, we have Lt—fz = 04 and Ut—fz = 0.4 demands
per day. The aggregate bounds are: I'(; 5, = 0+ 0.4 = 0.4 and T{LZ} =05+04=09
demands per day.

Unit Shift Method: Using 1-day units, we have I'(; 5y = 0 and f{l,z} = 2 demands per
day.

The lead time shift method accounts for replenishment cycles, yielding tighter bounds (0.4
to 0.9 demands per day). The unit shift method overestimates volatility, producing a
conservative upper bound (T{l,z} = 2 demands per day). This mismatch occurs because
fixed units fail to capture demand patterns over actual lead times, especially when SKUs
have lead times with no shared time intervals (e.g., 2 and 5 days).

4.5. ASML Case study

This case study evaluates the practical implementation of the ARO Problem for op-
timizing spare parts inventory control at ASML. While the case studies in Chapters
2 and 3 assume identical lead times across SKUs for computational simplicity, real-
world spare parts operations exhibit substantial variations in lead times. Figure 4.3
presents the distribution of the average lead times of different SKUs for a specific
machine type at ASML, demonstrating a variability ranging from 14 to 793 days. To
better reflect this operational reality, our case study incorporates these lead times in

our analysis.

17.5% Min: 14.00

Median: 78.00

15.0%1 Mean: 97.42

M Max: 793.00
12.5%
10.0%
7.5%
5.0%
2.5%
0.0%

0 100 200 300 400 500 600 700 800
Lead time (days)

Figure 4.3: Distribution of average lead time for a specific machine type at ASML.
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ASML currently employs an SO approach for its spare parts inventory management
system, which first assumes Poisson demand, then estimates demand rates, and
finally applies a greedy algorithm to solve Problem (4.1). Our analysis compares
the performance of the proposed RO model against the SO approach used at ASML.

Our dataset comprises 1,597 SKUs for a specific machine type. To construct mean-
ingful demand uncertainty sets, we include only SKUs with either historical de-
mand data from the past 3 years or IFR estimates. Given ASML’s commitment
to maintaining high service levels, we examine multiple fill rate targets: % €
{0.85,0.90,0.95,0.99}. We set c%’o at 1,000 Euro per occurrence of a backorder,
reflecting a simplified but reasonable estimate based on practical scenarios. In

; b
practice, c;°

varies across supply chain scenarios. When both central and local
warehouses do not have stock, sourcing components directly from the factory signif-
icantly increases costs. Our 1,000 Euro estimate appropriately exceeds the 750 Euro

emergency shipment cost discussed in Chapter 3, reflecting the higher expenses
bo

typically associated with backorder situations. For a detailed analysis of how c;

impacts ARO model outputs, we refer the reader to Section 7.2.2 of Pessers (2024).

For the SO problem, we implement a greedy algorithm. For the RO model, we use
our three-step approach from Section 4.3. First, we find an estimated lower bound
using the hybrid approach applied to the lost sales problem (2.2). Second, we
determine a tighter upper bound using the ConGA algorithm. These preprocessing
steps determine near-optimal stock levels for approximately 9o% of SKUs. For
the remaining SKUs, we approximate stock levels using the affine decision rule
approach.

For the lead time shift method, we set the time period P to 6 months based on
practical considerations. Similarly to the case study in Chapter 2, we use a training-
testing approach to evaluate performance. Specifically, we use the first two years
of historical demand data as our training set to generate solutions and then use the
third year of data as our test set to evaluate performance.

The presented results in this section are normalized for confidentiality reasons.
Table 4.1 compares the performance of the RO solution with the SO solution (SO-
Greedy). The RO solution exhibits more stable performance, maintaining simulated
fill rates between 0.895 and 0.912 in different 8°. In contrast, the SO-Greedy ap-
proach shows greater variability, with fill rates ranging from 0.646 to 0.879. It should
be noted that the simulated fill rate of the RO solution plateaus at 0.912 even when
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Table 4.1: Simulated fill rate and normalized annual cost for RO and SO solutions

3V Method  Aggregate Fill Rate Normalized annual cost

0.85 Robust 0.895 0.41
' SO-Greedy 0.646 0.14
0.90 Robust 0.903 0.44
' SO-Greedy 0.790 0.22
0.95 Robust 0.909 0.46
' S5O-Greedy 0.877 0.99
o Robust 0.912 0.57
23 SO-Greedy 0.879 1

Note: Costs are normalized to the maximum observed value (8°% = 0.99 for SO-Greedy).

B = 0.99. This limitation is attributed to a change in demand patterns for some
SKUs in the test period (third year) compared to the training data (first two years).
Our analysis reveals that more than 27% of the SKUs exhibited a faster increase in
demand than the trend of increase predicted on the basis of historical data and sales.
This unexpected acceleration in demand growth exceeds the conservative bounds
established by our worst-case scenario modeling, highlighting the challenges of

prediction in highly volatile spare parts environments.

Figure 4.4 further illuminates the performance dynamics of solutions through a
visualization of the trade-off between the cost and service level. The RO solution
exhibits better stability, clustering at higher fill rates while maintaining relatively
controlled increases in simulated total costs. Most notably, the SO-Greedy solution
shows a dramatic cost escalation as the simulated fill rates approach 0.88.

In general, while the SO approach shows competitive performance at lower service
levels, the RO model proves substantially more cost-efficient at higher service levels,
which are typically required in critical spare parts management. Most importantly,
the stability of the RO solution in simulated fill rates and controlled cost scaling
makes it especially valuable for service providers requiring stringent service levels,
offering a more predictable and economical approach to spare parts inventory
management.
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Figure 4.4: The trade-off between the simulated fill rate and the normalized annual
cost of solutions using SO-Greedy and RO. Costs are normalized to the observed
value (8°% = 0.99 for SO-Greedy).

4.6. Conclusion

In this chapter, we develop an ARO model for managing spare parts inventory at
the central warehouse. Unlike existing literature, which only focuses on periodic
review inventory policy, we develop the first continuous review inventory model

that incorporates backorders through robust optimization.

To solve the ARO problem, we first reformulate it as its deterministic counterpart
and then develop a three-step solution approach. The first step establishes solution
bounds by deriving an approximate lower bound through a lost sales problem
(Chapter 2) and an upper bound through conservative estimation based on worst-
case demand scenarios. For components where the bounds differ, our second step
introduces a tighter upper bound through a relaxation of the original ARO problem.
In the third step, we employ additional approximation methods to determine near-

optimal solutions for the remaining components.

We introduce a lead time shift method that handles different lead times across
different components when constructing uncertainty sets, addressing a practical

complexity that previous chapters do not consider.

We validate our approach through a comprehensive case study at ASML with 1,597
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SKUs. Our results demonstrate that the robust model consistently outperforms
the SO model, particularly in practically important scenarios with stringent service
requirements.
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4.A. Appendix

This chapter includes four appendices. In Appendix 4.A.1, we present the proof of
Theorem 4.1. Appendix 4.A.2 explores alternative robust optimization models with
backorders. Appendix 4.A.3 offers a numerical comparison between Problems (4.2)
and (4.14). Finally, Appendix 4.A.4 introduces an efficient algorithm for computing

bounds in the budget uncertainty set.

4.A.1 Proof of Theorem 4.1

Proof. We first reformulate Problem (4.2) into a fixed-recourse ARO problem. For a
given i € 7 and (£}, %) € D, we define €;({?) := ‘BZ(CZ)élz Now, Problem (4.2) can
be reformulated to:

Snell%\rl},’ iezz NS+ (4.92)
BiR"—R
n€R,;:R"—=R
bo
sit. %(é? —&(8%) <mi(3?), VieZ (',7?) €D, (4.9b)
Y ni(@®) <n, v(g',*) D, (4.90)
i€l
(%) <Si— (gt —S)™, VieZ (',7?) €D, (4.9d)
€(2?) -
Yy, L gty V(%) eD, (4.9€)
icZ ti icZ ti
0<e(l?) <% Vie I, (', {*) € D, (4.9f)
ni(g%) >0, Vie I ({',7%) € D. (4-98)

We then show how we can reduce the number of €;({?) of Problem (4.9) in the

following lemma.

Lemma 4.1 Given k € Z, let T %1 = {n —k+1,...,n}. Problem (4.9) is equivalent to
Problem (4.10):

min ) c/Si+]
SeINg icT
ei:IR”_kﬁ]R
neR
ﬂiZ]Rn —R
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(72
st. Si— (L —S)t > - tl";# Vie "M (L% eD
2
& e < E) vie I\T" L (g% e D
¢
Yo i@ <, V(%) eD
i€l
ei(l) < Si— (g} —S)T, Vie I\T"*1,(7',7*) e D
S. > (Czl _ ,)+, Vi e In—k-i-l, (gl[gZ) eD
n— k
y S i e Ly
i=1 l ica l

Z ( i (gll — Si)+) > 'BOb] i g12, v(gl/gZ) c D,[X C In—k—l-l,

ieTn—k+\q fi i=1 1
37> e >0, Vie I\T" M (%) €
(%) >0, VieZ (§,5) €
(4. 10)

Let k = 1, then eliminating €, (gﬁ) using Fourier-Motzkin elimination (FME) results

in

) = - ), Vi€ I\(n}, (¢,0) € D
2

Su (-5t 203~ 8D, ¥@. o) €D,

ei(§%) < Si— (¢ —s)™, vie I\{n}, (', ¢*) € D,

Sn > (§ - Sn) , V(glrgz) €D

Y (@) < v(¢',7?) eD,

el

n—1 ; 2 Sy %_Sn + obi n 12

i_21€<§>+tn_(g - ) zﬁb];?i’ V(Zl,CZ)GD,

n—1 2 2

L el(lf ) gn > ﬁObJ Z g V(gl/gZ) cD

ongagﬁ, vie I\{n},(¢",0*) € D

1i(Z%) >0, VieZ,({L,2) eD

7

7
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This proves that Lemma 4.1 holds if k = 1. Let us assume that Lemma 4.1 holds
for a given k. We show that it holds for k + 1, too. Eliminating en_k(ﬁhk) from
Problem (4.9) using Fourier-Motzkin elimination results in

(72
si— (- st > - ) vie T, () e D
G
&) = 2 - ), vie T\ T, ({L,¢) e D
c~
1
ei(0®) <Si— (g —-s)7, vieI\T"%,(¢",¢*) €D
Si> (& =87, vie "% (g,¢%) €D
Z &) <, v(Z', %) € D,
€z
i I ()
i=1 tnfk £
2 S;— (L =5+ 72
+ZC—’+ Y (i = (& = 5)7) > pobi Zg—’, V(' ¢?) € Do C I,
ica ti ieTn—k+1\g ti i=1 ti
—k—
Z gn k+
i=1 tn k
(71 — g\t on 72
2 + 2 (Sl (gl Sl) ) > ‘BOb] Z gz , v(cll 6'2) c D,lX g Il’l*kJrl,
ica i ieTn—k+1\g ti i—1 ti
Gizet?) =0, VieI\I" (T, 0% €
7i(8%) >0, vie I (5,0 €
(4-11)
By the principle of mathematical induction, Lemma 4.1 holds for all k € 7. O

We apply Lemma 4.1 with k = n. This eliminates all €;(Z?), i in Z, from Problem
(4.9), resulting in Problem (4.12):

min Y c'S;+1

n
SeNg

N i€l
2
st s -5y =g - e VieZ, (L) eD
Y (@) <, V(o) eD
i€l
(71 _ c. 2 2
Y (S (C;i Sl>+)>/5°b12€ th—’ VaC (¢, €D

ieT\a i€l ica 1
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Si> (g —s)t, VieZ ({1, 7%) e D,

ni(Z%) = 0, Vie T, ([, %) € D. (412)
One can easily eliminate all #; (ﬁ), for any i in Z of Problem (4.12) to prove Theorem
4.1.

4.A.2  Alternative Robust Optimization Models with Backorders

In this section, we first present an adaptation of the emergency shipment model
of Chapter 3 to the backorder case and discuss its limitations. We then improve it
with a safety stock formulation to handle historical backorders and analyze why

this approach remains conservative.

Although Chapter 3 assumes a simplified setting with identical repair lead times
across all SKUs, this chapter advances our model to reflect real-world complexity by
incorporating distinct lead times for each SKU. This extension requires a modifica-
tion of the aggregate fill rate constraint, where each term is normalized by dividing
by the corresponding lead time ¢;.

The first robust optimization model, discussed in the Master thesis of Pessers (2024),
adapts Problem (3.5) in Chapter 3 to the backorder case by replacing c§™ by Cll?o. For
each SKU i, the demand uncertainty {; lies within an uncertainty set D.
: h
min c;'Si+n;
SeN l;; Poi
‘3 i R" R
neR”

1 .
s.t. ?gi(l - ,Bi(g))clz?o <1 Viel,0eD,

Bi(0)Ci < Si, VieI,[ €D, (4.13)
ZMZ‘BO}D]'ZQ’ VCED,

ier i ier ti

0<Bi(0) <1, VieZ,[ €D,

i =0, Viel.

Problem (4.13) can serve as an approximation for backorder situations and be solved
using our algorithm proposed for Problem (3.5). However, in a backorder situation,
unmet demand carries over through time, creating temporal dependencies that
Problem (4.13) cannot capture. This makes the model overly conservative as it
essentially requires independent full fulfillment of worst-case demand in each lead
time. In addition, the model fails to accurately represent the backorder dynamics
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since it does not account for how backordered demand affects available stock and
subsequent fill rates, leading to incorrect calculations of both on-hand inventory

and fill rates.

To address this limitation, we propose an alternative formulation that introduces
an additional safety stock variable s;(> 0) for each SKU i € T to cover backorders
from the previous period. The process unfolds as follows. During the lead time
ti, we observe the demand ¢! (> 0), which is first partially satisfied from the base
stock level S;, and any backordered portion is then satisfied using the safety stock
s;. At the end of the lead time, we encounter demand {?(> 0) and determine B;, the
fraction of éiz that can be satisfied from the base stock level S;. The unfilled demand
(1 — Bi)C? becomes backorder and will again be satisfied by s;. If s; is insufficient,
we calculate the new backorder and update s; to ensure that it covers any remaining
backorders. This process repeats cyclically, adapting to uncertain demand scenarios
within the set D. So, the ARO Problem (4.14) is:

S5eNj rR'R IEZIC K (4.142)
neR
st. < Si+s;, Vit € D, (4.14b)
Y mi(2?) <, V{? € D, (4.14€)
iel
1 .
E(giz - Sz')C?O <ni(2%), VieT,[*eD, (4.14d)
Bi(GHEF < Si, VieZ, €D, (4.14€)
2) 2
y o e Bi g ; > pobi Y i 6i V{2 e D, (4.14f)
i€l ti i€l t
0< .31(4:2) <1, VieZ, gz €D, (4.148)
n:i(g%) >0, Vie I, €D. (4.14h)

Here, 7 is the total amount of backordered cost per time unit, which is introduced
to move the uncertainty from the objective function to Constraint (4.14c), #; is
the amount of backordered cost per time unit per SKU, which depends on the
realization of the actual demand §2. Constraint (4.14b) ensures sufficient stock to
cover historical demand for each SKU independently. Constraint (4.14e) ensures
that the stock level is sufficient to meet part of the demand . Constraint (4.14g)
ensures that f; lies between 0 and 1, and Constraint (4.14h) guarantees that the

backorder amount is non-negative.
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Although Problem (4.14) provides better control over backorders compared to Prob-
lem (4.13), it remains conservative as it requires full coverage of worst-case historical
demand for each SKU individually. In addition, Problem (4.14) ignores correlations
between ' and {2, which may lead to unnecessary stock. To achieve a less con-
servative approach that better reflects the dynamic nature of continuous review
systems, we propose Problem (4.2).

As demonstrated by our numerical comparison in Appendix 4.A.3, Problem (4.2)
allows backorders to persist over time, while Problem (4.14) requires full fulfillment
of historical demand through additional safety stock s;.

4.A.3 Comparing Problems (4.2) and (4.14): A Numerical Example

To compare Problems (4.2) and (4.14), we analyze an illustrative example of nine
SKUs using the same input parameters as shown in Table 2.1, with ¢BO of 750
Euros per SKU. We generate solutions for both problems using the affine decision
approach.

Figure 4.5 presents the resulting stock levels, demonstrating that Problem (4.14)
consistently prescribes higher stock levels than Problem (4.2), particularly for SKUs
with medium and high prices. In particular, the stock levels of Problem (4.14) re-
main constant in different B, reflecting its conservativeness to maintain additional
safety stock to cover historical demand. In contrast, Problem (4.2) exhibits more
flexible stock level adjustments as B°Y varies, especially for SKUs with medium to
high demand rates. Although problem (4.14) provides stronger protection against
stockouts through higher stock levels, this conservative approach may result in
unnecessary holding costs.

4.A.4 An Algorithm for the Budget Uncertainty Set

In this section, we present an efficient approximation algorithm for computing
the right-hand side values of Constraint (4.8b), motivated by the computational
complexity considerations discussed in Appendix 2.A.6. We begin by reformulating
Constraint (4.8b) in an equivalent form

Si ot v & Py
Yy S Y Y2 W CLa QL) ED. (415)

ica ti i€l "t iel\a 't ica !
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Figure 4.5: Solutions to Problems (4.2) and (4.14) for the illustrative example.

Let b, denote the values on the right-hand side of Constraint (4.15). We propose the

following approximation:

by =

'Bobjdlﬁ + (1 _ ﬁObj)dl

icn ti

i+<130bj_1)£l’\a ’ VD‘QI,“#@.

(4.16)

Our approximation works by decomposing the right-hand side into three parts.
For any SKU in set a, we use @ to account for the maximum aggregate demand
over two consecutive lead times, weighted by °%. For these same SKUs, we add
(1- ,BObj)E to account for the maximum demand in the first period. For SKUs not
in set a (i.e., Z\«), we include £I\1x to account for the minimum aggregate demand,
weighted by (8°Y — 1). We then take the ceiling of this sum to ensure integer values,

as fractional stock levels are not allowed.



Chapter 5

Conclusions

In this thesis, we develop robust optimization approaches for spare parts inventory
control across different warehouse settings. Section 5.1 revisits our main find-
ings and contributions, demonstrating four key advances in spare parts inventory
control. We then discuss promising directions for future research in Section 5.2,
focusing on both modeling and algorithmic improvements.

5.1. Research Topics Revisited

We study spare parts inventory control under high demand uncertainty. In Chap-
ters 2 and 3, we propose a robust optimization approach for spare parts inventory
control, developing algorithms for a local warehouse with lost sales and one with
emergency shipments, respectively. In Chapter 4, we consider another setting and
develop a robust optimization model for a central warehouse with backorders.
These three chapters demonstrate that properly addressing demand uncertainty
through robust optimization can lead to substantial cost savings and service level
improvements for service providers. The methodology in each chapter is illustrated
in Figure 5.1, which shows the key components of each chapter: input, problem
formulation, solution methods, and performance evaluation. Our research demon-

strates four key advances in spare parts inventory management.

First, we show that robust optimization has great potential to handle demand
uncertainty in different warehouse settings. Starting with a lost sales model at
local warehouses (Chapter 2), we extend our approach to incorporate emergency
shipments (Chapter 3) and finally address the complexities of backorders at central
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Uncertainty Set
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Figure 5.1: Methodology development and implementation in thesis chapters.

warehouses (Chapter 4). Each model demonstrates superior performance compared
to the stochastic optimization model under the assumption of Poisson failures,

particularly when dealing with non-Poissonian demand or limited historical data.

Second, we address the computational challenges of implementing robust opti-
mization in spare parts inventory control. Our solution methods evolve from the
basic Iterative Projection in Descending Order (IPDO) algorithm to specialized ap-
proaches for emergency shipments (Iterative Stocking including Preprocessing (ISP)
algorithm, ConGA including Preprocessing (ConGAP) algorithm), and finally to
a three-step approach for the central warehouse problem. These methods make
our models computationally tractable for large-scale industrial applications with
thousands of components.

Third, we develop increasingly sophisticated methods for constructing uncertainty
sets. We progress from basic historical data-based sets to incorporating initial failure
rates for the new product introduction phase, and finally to handling varying lead
times through our lead time shift method. This progression reflects the increasing
complexity of the demand interaction between components in real-world spare
parts inventory systems and shows how robust optimization can adapt to different
operational contexts.

Fourth, the case studies at ASML demonstrate the practical value of these method-
ological advances. Our robust optimization models achieve higher service levels
than conventional approaches in all three warehouse settings while maintaining cost
efficiency. Our research contributes to both the theoretical advancement of robust
optimization techniques and their practical application in spare parts inventory
management. The models and algorithms developed in this thesis can be applied
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to various capital goods industries where service providers face similar challenges
of high demand uncertainty and stringent service level requirements.

5.2. Future Research Directions

While we validate our models through case studies in each chapter, a compre-
hensive validation framework is needed to measure real-world performance. This
includes designing pilot studies, establishing appropriate performance metrics, and
creating monitoring systems to track long-term benefits. The framework should
account for both quantitative measures, such as cost savings, and qualitative as-
pects, such as ease of implementation. Our models have potential applications
across various industries beyond semiconductor equipment. In sectors such as
aerospace, healthcare, and oil and gas, where equipment downtime can lead to
significant consequences, our robust optimization approach could be adapted to

meet industry-specific service requirements.

We now provide an outlook for further research, structured into two main cate-
gories: Model Extensions and Algorithmic Improvements.

Model Extensions: Our research opens several opportunities to improve inventory

models for real-world applications.

First, our current models assume linear cost structures in the objective function,
where costs increase proportionally with quantities. For example, we assume that
the holding costs are linear in the base stock levels. While this simplification en-
ables tractable analysis, it fails to capture the nonlinear cost behaviors pervasive in
practice. In practice, many cost components exhibit nonlinear behavior. As shown
in Johansson and Olsson (2017) and Lamghari-Idrissi et al. (2021), in many practical
scenarios, service providers face fixed penalty fees when delivery times exceed
certain thresholds, creating stepwise cost functions. Ignoring these nonlinearities
risks flawed decisions, such as underestimating penalties when delays exceed con-
tractual thresholds (e.g., 15% delay triggers a fee, while 10% does not). Despite their
practical relevance, extending such nonlinear cost structures to robust optimization
remains an open challenge despite their practical relevance. Incorporating these
nonlinear cost structures would require new theoretical developments in nonlinear
robust optimization. These developments would need to focus on creating tractable
reformulations when both the constraints and objective function contain uncertain-
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ties, designing efficient solution methods that can handle nonlinear objectives while
maintaining computational feasibility for large-scale problems.

Second, while our current framework constructs uncertainty sets based on historical
data and initial failure rates, it could be extended to incorporate real-time sensor
data and installed base information. Elwany and Gebraeel (2008) pioneer sensor-
driven prognostic models for component replacement and spare parts inventory,
showing how condition-based sensor data can enable dynamic updating of de-
cisions based on the physical condition of the equipment. Van der Auweraer
et al. (2019) provide a comprehensive review of how installed base information can
improve spare parts demand forecasting. Building on these works, future research
could develop methods that dynamically adjust uncertainty sets based on both
sensor data and installed base information. This would require new theoretical
developments in robust optimization to efficiently update models as new data
arrive and to incorporate equipment-specific degradation characteristics into the
uncertainty sets.

Third, while we have developed separate models for local and central warehouses,
future research could extend to multi-location systems with lateral transshipments
under uncertainty. This would involve developing robust optimization models
that simultaneously optimize stock levels throughout the entire network of central
and local warehouses. The challenge lies in capturing the complex interactions
between different echelons, including how demand uncertainty propagates through
the network, how lateral transshipments between local warehouses affect system
performance, and how to balance the trade-off between central and local stock lev-
els. To address this challenge, a promising direction would be to explore decoupling
approximations inspired by Section 5.4 of Van Houtum and Kranenburg (2015).
By decomposing the network into subsystems (e.g., separating local warehouses
from the central warehouse), we can model emergency shipments at the local level
independently while capturing their aggregate impact on central warehouse re-
plenishment. This approach avoids the need for closed-form solutions for the
entire network. Other new theoretical developments are also worth exploring to
maintain computational tractability while handling the complexity of network-wide
optimization under uncertainty.

Fourth, our models could be enhanced to support customized service levels for dif-
ferent customer segments, allowing service providers to differentiate their offerings
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based on customer priorities and willingness to pay. This differentiation could
enable more efficient resource allocation while maintaining appropriate service
levels for each customer category.

Fifth, while our research compares the robust optimization approach with the com-
monly used stochastic optimization model that assumes a Poisson demand process,
future work should conduct comprehensive comparisons with other methods that
effectively handle demand uncertainty. The commonly used model assumes a
known demand rate, but demand rates are often uncertain in practice. Van Winger-
den (2019, Chapter 2) show that when demand follows a Poisson process with an
uncertain rate, this uncertainty has an equivalent impact on lead time demand as
lead time variability. Moreover, they demonstrate that higher demand rates amplify
the effect of additional demand uncertainty, whereas longer lead times reduce their
relative impact. Some studies extend the Poisson framework using compound
distributions, which allow for modeling demand rates and inter-demand intervals
as separate variables. Feeney and Sherbrooke (1966) generalize Palm’s theorem of
Poisson demand (Palm, 1938) to compound Poisson demand, proving that steady-
state probabilities maintain the same compound Poisson form while still depending
only on the mean resupply lead time. Kiesmiiller et al. (2004) then develop analyt-
ical approximations for divergent N-echelon networks under compound renewal
demand, allowing for arbitrary distributions of inter-arrival times and demand
rates. Grob and Bley (2018) further evaluate different wait time approximations in
distribution networks with compound renewal customer demand processes. Future
research could systematically compare these approaches by analyzing their relative
strengths in handling demand uncertainty, computational efficiency, and practical

implementation challenges.

Finally, our robust optimization framework could be extended to incorporate hu-
man decision-making behavior. De Kok (2018) emphasizes the importance of dis-
tinguishing between intervention-independent performance measures and human-
driven adjustments, highlighting how empirical validation of inventory policies
can align with planners’ tacit knowledge while maintaining mathematical rigor.
Kéki et al. (2019) show that analyzing deviations between model recommendations
and actual decisions can provide valuable insight into improving decision support
systems. In the context of spare parts inventory, future research could investi-
gate how inventory managers deviate from robust optimization recommendations,
particularly under high uncertainty during the new product introduction phase.
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Understanding these deviations could help improve both model design and imple-
mentation. Our observations at ASML suggest that RO solutions better align with
inventory planners” decision-making patterns. The SO solution may recommend
high stock levels for inexpensive parts and zero stock levels for expensive ones
under Poisson demand assumptions, while the RO solution typically suggests more
balanced inventory levels. Although planners’ intuitions about inventory decisions
may not always be correct, analyzing these decision patterns and the reasoning
behind them can provide valuable insights for developing more practical inventory
models.

Algorithmic Improvements: Our solution methods progress from basic algorithms
(IPDO in Chapter 2) to more sophisticated approaches (ISP and ConGAP in Chapter
3) and finally to the three-step solution approach in Chapter 4. Building on this
evolution, we identify several directions for algorithmic improvements.

First, modern machine learning techniques could enhance our solution algorithms
in multiple ways. For example, deep learning models could be trained to predict
good initial solutions for our iterative algorithms, potentially reducing computation
time. Recent research demonstrates how end-to-end deep learning models can
directly generate inventory decisions (Qi et al., 2023) and how recurrent neural
networks can efficiently handle large-scale production networks (Wang and Hong,
2023). Using these techniques to understand the relationship between the problem
parameters and optimal solutions, we could develop fast approximation schemes
that enable real-time decision support.

Second, our hybrid approach in Chapter 2 demonstrates the benefits of combining
different solution methods. This concept could be extended through metaheuristic
algorithms, particularly useful for the complex constraints in our emergency ship-
ment model in Chapter 3 and the model with backorders in Chapter 4. For example,
genetic algorithms could be developed to efficiently search the solution space for
large-scale problems, using crossover and mutation operators specifically designed
for inventory problems.

Third, the dynamic nature of our uncertainty set construction, especially evident
in Chapter 3’s phased approach, suggests the need for online algorithms that ef-
ficiently update solutions as new data arrive. This would involve creating incre-
mental update methods that avoid solving the full problem from scratch, which is
particularly important for dynamic uncertainty set adjustments. The challenge lies
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in maintaining solution quality while meeting strict computational time require-

ments for real-time decision-making.

Conclusion: We have provided directions for future research in robust optimization
for spare parts inventory control. Our work has opened up several promising the-
oretical extensions, from incorporating lead time uncertainty to developing multi-
echelon models. We have also identified opportunities for algorithmic improve-
ments through machine learning and metaheuristics, along with practical applica-
tions across different industries and customer segments. Through these research
directions, we hope to inspire both practitioners and researchers. For practitioners,
our work provides a foundation for implementing robust optimization in real-
world inventory management, particularly in environments with high demand
uncertainty. For researchers, we hope that this thesis encourages further exploration
of robust optimization approaches in inventory control, especially in addressing the
theoretical and computational challenges we have identified.
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Summary

Robust Spare Parts Inventory Management

This thesis advances the field of spare parts inventory management by developing
robust optimization approaches to handle high demand uncertainty. We address
three key settings in the spare parts supply chain: local warehouses with lost
sales, local warehouses with emergency shipments, and central warehouses with
backorders.

Local Warehouse with Lost Sales: We address this research topic in Chapter 2.
We consider the base case that when the local warehouse cannot fulfill demand
immediately, the demand is considered lost as service providers seek alternative
solutions. We develop an adjustable robust optimization (ARO) model for this
multi-component, single-location inventory control problem. The key challenge lies
in efficiently solving the computationally intensive ARO model. We first prove that
the ARO model can be reformulated into a deterministic counterpart, though this
reformulation initially yields an exponential number of constraints. By analyzing
the structure of the optimal solution, we develop an algorithm called Iterative
Projection in Descending Order (IPDO), which achieves optimal solutions under

some conditions.

Recognizing that large-scale inventory problems require more efficient computa-
tional methods, we develop two heuristic algorithms based on IPDO’s foundation.
The Constraint Generation (ConGA) algorithm provides near-optimal solutions ef-
ficiently, while the Linear Equation System (LES) algorithm offers exceptional com-
putational speed, capable of processing hundreds of components in seconds. We
then develop a hybrid approach that dynamically combines these methods, offering

a flexible framework that balances solution quality with computational efficiency.

Our extensive computational studies, including both simulation experiments with
various demand patterns and a real-world case study at ASML involving 710 com-
ponents, demonstrate the superiority of our approach: The results show that our
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ARO model consistently outperforms the conventional method in achieving target
fill rates, especially when dealing with non-Poissonian demand patterns. This
research topic establishes the methodological foundation for the settings addressed
in subsequent chapters.

Local Warehouse with Emergency Shipments: We address this research topic in
Chapter 3. We consider emergency shipments as an alternative fulfillment option at
local warehouses. We develop an ARO model for spare parts inventory control
with emergency shipments. To make the model computationally tractable, we
reformulate the ARO model into a deterministic counterpart and then decompose it
into two mixed-integer optimization problems. Building on this reformulation, we
propose the Iterative Stocking including Preprocessing (ISP) and ConGA including
Preprocessing (ConGAP) algorithms that can efficiently solve problems involving
thousands of components.

We propose a phased approach to construct uncertainty sets when historical de-
mand data are limited. This approach incorporates the initial failure rate (IFR)
provided by reliability engineers. When there is very little demand data, the un-
certainty set is built using only the IFR. As more demand data becomes available
over time, we gradually decrease the weight given to the IFR in the uncertainty set
construction.

The case study at ASML shows the advantages of the ARO model over the stochastic
optimization model. With the same total cost, the ARO model reduces the mean
waiting time by up to 3.5 hours. This reduction in waiting time could save more
than €250,000 in lost production costs per lithography system breakdown. The
results demonstrate that the ARO model offers robust and cost-effective solutions
for the control of spare parts inventory.

Central Warehouse with Backorders: We address this research topic in Chapter
4. We study spare parts inventory control at the central warehouse. The central
warehouse plays a crucial role, as it receives parts directly from suppliers and serves
as the emergency shipment source for local warehouses. At the central warehouse,
when stockouts occur, orders will be backordered because emergency shipments
are not possible.

To the best of our knowledge, we are the first to formulate a continuous review
inventory model with backorders using robust optimization. We develop an ARO
model for the central warehouse and solve it using a three-step approach. In the first
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step, we find an approximate lower bound of stock levels from the lost sales problem
in Chapter 2 and an upper bound from considering worst-case demand. This step
allows us to quickly find near-optimal stock levels for about 90% of the spare parts.
For components where bounds differ, we introduce a tighter upper bound in the
second step through a relaxed version of the ARO problem, which shares structural
similarities with the lost sales problem and can be solved using established methods
like IPDO and ConGA. Finally, we employ additional approximation methods in
the third step for any remaining components. Unlike previous chapters, where we
assume identical repair lead times for all SKUs, in Chapter 4, we consider different
lead times for each SKU and introduce a lead time shift method to address this
reality when constructing uncertainty sets.

The ASML case study shows that our robust optimization model is more cost-
efficient than the conventional method as service level requirements increase. This
advantage is particularly evident when stringent service levels are needed for criti-
cal spare parts management.

Key Advances: Overall, our research demonstrates four fundamental advances in
spare parts inventory control. First, we show the potential of the robust optimiza-
tion approach in different warehouse settings. Second, our progressive develop-
ment of solution methods makes these ARO models computationally tractable for
large-scale industrial applications. Third, we advance increasingly sophisticated
methods for uncertainty set construction, from considering only historical data to
incorporating initial failure rates and different lead times. Fourth, comprehensive
case studies at ASML demonstrate that our approaches achieve higher service per-
formance and maintain cost efficiency in all warehouse settings.

Future Research Directions: This research provides both theoretical advances and
practical solutions for spare parts inventory control under uncertainty, creating
a strong foundation for future developments in the field. Our models could be
extended to include lead-time uncertainty and nonlinear cost structures. For multi-
location networks, developing integrated models for central and local warehouses
together would be valuable. On the algorithmic front, machine learning techniques
could help predict good initial solutions and create adaptive policies. The devel-
opment of faster solution methods would be particularly valuable for large-scale
applications. These advances would further strengthen the practical application of

robust optimization in spare parts control.
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